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Chapter 1

Introduction

Quantum Computing is a branch of Computer Science; its main object of

study is the quantum computer, an abstract model of computation which

di�ers from a classical computer in being described by the laws of Quantum

Mechanics (QM).

QM is a physical theory born at the end of the 19th century to deal with

unexpected experimental results which classical physics routinely failed to

explain (see, e.g., [22]). This gave rise to a mathematically elegant theory, but

with counterintuitive consequencies still not completely understood. It was

not before many years and the discovery of surprising phenomena correctly

predicted by this theory that QM was accepted as something more than a

mere mathematical formalism [26]. To date, QM is probably one of the most

successful physical theory ever devised, despite its foundations being still not

completely understood, and its consequences remarkable.

The idea that quantum processes are computationally hard to simulate

already appeared in the work of Richard Feynman during the early 80s. Such

a vision described what today is a very large and active area of multidisci-

plinary research with fringes between Physics, Computer Science, Mathemat-

ics, and Engineering: Quantum Information Processing (QIP). The goal of

QIP is to understand how information can be stored and processed with the

use of quantum mechanical systems. The basic conceptual di�erence with re-

spect to classical information processing (where `classical' customarily means

`non-quantum') is that the quantum evolution of a system completely iso-
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lated from the environment is reversible. In other words, reversibility implies

that no information can be deleted during a computation and that a previous

stage can be recovered by running the computation backwards. This fact is

interpreted as an incarnation of the Landauer's Principle, stating that delet-

ing information has a thermodynamical cost. Mathematically, reversibility is

expressed by the fact that the time evolution of a quantum system is induced

by unitary operators. While unitarity implies strong constraints on the dy-

namics of the system (for example, the impossibility of copying quantum

information), it also gives rise to important phenomena, like interference,

and non-classical correlations between subsystems. These phenomena, in

turn, lead to interesting applications which make QIP an intriguing research

area. Examples of these applications include teleportation of information,

superdense coding [5], quantum cryptography and the possibility of breaking

the security of the most used cryptosystems for Internet communications,

�nancial transactions and military purposes [24]. Moreover, a deeper un-

derstanding of a quantum computational model could lead to an insightful

comprehension of the physical foundations of QM itself.

Despite a great interest into this �eld, the practical realization of a model

of quantum computer has proven to be very challenging; this is because of

physical constraints like the di�culty of obtaining noise-free systems, or the

characteristic of quantum states of being quickly degradated by their interac-

tions with the environment (the so-called phenomenon of decoherence). For

this reason, a di�erent approach which has been taken into account is the

possibility of simulating the behaviour of a quantum system [15,19] through

a classical computational model � that is, a classical computer. In the gen-

eral case this can only be done very ine�ciently, i.e., with an una�ordable

cost in terms of computational space and time [27,3], but for certain classes

of quantum systems it is possible nevertheless. In such instances we talk of

e�cient classical simulation of quantum systems [25].

A very used theoretical model for quantum computing is the quantum

circuit model [6]. This is a formalism describing a circuit in terms of wires,

gates and registers, in analogy to the classical circuit model describing a

classical computer. The di�erence is that in the quantum model we deal
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with quantum objects and quantum information; e.g., we do not have bits

but qubits (`qu-antum bits`), and quantum gates which are rather di�erent

from classical logical gates.

In 2008, a work by Richard Jozsa and Akimasa Miyake [17] showed that

there is a particular class of quantum circuits, called matchgates, that can

be classically e�ciently simulated under a certain topological condition of

the circuit itself. The condition is about locality of interactions, namely,

matchgates acting on two geometrically nearest-neighbouring qubits can be

e�ciently simulated, while other matchgates in general can not. Previous

works had shown [10] that any quantum circuit can be obtained by the com-

position of just nearest-neighbour matchgates and next-nearest-neighbour

matchgates (that is, acting on two quantum wires distant at most one wire

apart from each other). This gives a stunning result: classical and quantum

computation power are bridged by a seemingly innocuous property of the

circuit, that is, the possibility of these gates to act on near or distant lines.

Matchgates acting on distant lines are in general not e�ciently simulatable

[16]. They appear in any circuit model performing quantum computation

believed to be stronger than its classical counterpart. So, it seems that next-

nearest-neighbours matchgates de�ne exactly the computational superiority

of the quantum model.

In this work we give the following improvements to this approach:

• a su�cient criterion to test whether a next-nearest-neighbour match-

gate is e�ciently simulatable;

• an algorithm to perform an exhaustive search to build simulatable

matchgates;

• an explicit example of a simulatable next-nearest-neighbour matchgate

found through an implementation of this algorithm in C language;

• a new framework to e�ciently simulate matchgates acting on any arbi-

trary pair of lines provided their structure respects a particular form.
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The central idea behind this last result is based on a work by Frank Ver-

straete and Juan Ignacio Cirac [7] on the study of Hamiltonians for multi-

dimensional Fermionic systems.

The remainder of this work will be structured as follows.

In Chapter 2 we give the necessary preliminary notions about linear al-

gebra and QM used in the rest of this work.

In Chapter 3 we describe both classical and quantum models of compu-

tation, marking di�erences and analogies.

In Chapter 4 we give an introduction to computational complexity the-

ory, both for the classical and the quantum computational models; we discuss

the concept of resource cost of a computation and the concept of classical

simulability of a quantum computer.

In Chapter 5 we discuss the Fermionic representation for a quantum sys-

tem and the Jordan-Wigner Transform, a useful tool for the description of

quantum Hamiltonians.

In Chapter 6 we introduce matchgates, and we show that every quantum

circuit can be represented using only nearest-neighbour and next-nearest-

neighbour matchgates.

In Chapter 7 we introduce a Cli�ord algebra representation for match-

gates, and we prove that through this formalism it is possible to e�ciently

simulate nearest-neighbour matchgates by classical means up to arbitrary

accuracy.

In Chapter 8 we give the forementioned improvements to these results.

Finally, we discuss some possible future directions of our work.
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Chapter 2

Preliminary notions

In this chapter we will �x the notations and the fundamental concepts used

in the rest of the work. In Section 1 we will de�ne Hilbert spaces and tensor

products and will address the basic properties of these objects; we will also

de�ne particular classes of operators and some of their properties. In Section

2 we will introduce the theory of QM and will explain the concept of qubit

and the process of measurement of an observable.

Let N be the set of natural numbers not including zero. Let N0 = N∪{ 0 }.
Let Z be the set of integers, R be the set of the reals, and C the set of com-

plex numbers. The imaginary unit is i =
√
−1.

If α is a complex number then α will denote its complex conjugate. Sim-

ilarly, if A is a complex matrix or an operator, A will denote its complex

conjugate.

If A is a matrix, then AT will denote its transpose, while A† will denote

its conjugate transpose, i.e., A† = AT . If A is an operator, then A† will be

called its adjoint operator or Hermitian conjugate. We denote by O and I

the zero and identity matrix respectively.

If E is a set, then we will denote by #E its cardinality. Given a subset

S ⊂ E , we will denote by E \ S the corresponding complementary set.
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Given two sets E and F , we will denote by E×F their Cartesian product.

The Kronecker delta is δjk =

{
1 if j = k
0, otherwise

, for j, k ∈ N.

If A and B are operators and the image of B is contained in the domain

of A, then A ◦B is the composition of A after B.

The symbol
.
= is used in de�nitions.

2.1 Linear Algebra

We will restrict the following de�nitions to the case of the complex �eld C,
even though most of the following theory holds in the case of generic �elds.

Our choice is mainly motivated by physical reasons, one of the postulates of

QM being the need of a complex space to model physical systems.

2.1.1 Hilbert spaces

We will denote by 0 the zero vector. We will also restrict our discussion to

�nite-dimensional spaces. This choice is made for the sake of simplicity: in

QM it is not uncommon to deal with in�nite-dimensional Hilbert spaces when

representing even low-complexity systems (i.e., the position of a particle, the

time evolution of a wave function, etc.); in the Quantum Information The-

ory considered in this work, we will only take into account �nite-dimensional

spaces. A good introduction to Hilbert spaces (comprising proofs of most of

the following results) can be found in [4].

The de�nition of Hilbert space is as follows:

De�nition 2.1.1 (Hilbert space). A complex Hilbert space H is a complex

vector space with an inner product operation (., .) : H×H → C such that:

1. (u,v) = (v,u), for all u,v ∈ H;
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2. (αu+ βv,w) = α (u,w) + β (v,w), for all u,v,w ∈ H, for all

α, β ∈ C;

3. (u,u) ≥ 0, for all u ∈ H, with equality holding if and only if u = 0.

In the general case we also require the following condition:

4. the space H is complete as a metric space de�ned by the norm induced

by (., .).

In the �nite-dimensional case this last condition can be proven to be re-

dundant.

We will denote by 〈v1, . . . ,vk〉 the linear subspace spanned by the ele-

ments v1, . . . ,vk ∈ H. Obviously, ifH is a Hilbert space, then also 〈v1, . . . ,vk〉
is a Hilbert space (contained in H) with the same inner product.

We give a de�nition of basis for a generic Hilbert space as follows:

De�nition 2.1.2 (Hilbert basis). a Hilbert basis forH is a set { e1, . . . , en } ⊂
H such that:

1. ‖ej‖ = 1, for all j = 1, . . . , n

2. (ej, ek) = δj,k, for all j, k = 1, . . . , n

3. 〈e1, . . . , en〉, as a vector subspace, is dense in H.

In the �nite-dimensional case, the last property can be rephrased by the

request that { e1, . . . , en } spans the whole space.

As for vector spaces it can be shown that, for a given Hilbert space, ev-

ery Hilbert basis has the same cardinality (in this case n). We de�ne that

cardinality to be the dimension of the Hilbert space. It is easy to see that a

Hilbert basis for H (as a Hilbert space) is also a basis for H seen as a vector

space. The converse is generally false for in�nite-dimensional spaces.
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In general, a set of vectors { e1, . . . , ek } will be called an orthonormal set

if it satis�es only conditions 1 and 2 from De�nition 2.1.2. Notice that, given

a set {v1, . . . ,vk } of linearly independent vectors, it is always possible to

�nd an orthonormal set { e1, . . . , ek }, where each ej is a linear combination

of v1, . . . ,vk, using the Graham-Schmidt orthonormalization process.

Given an arbitrary vector v ∈ H and a Hilbert basis { e1, . . . , en }, it is
always possible to decompose v as a linear combination of basis elements:

v =
n∑

j=1

αjej,

where αj = (v, ej) ∈ C, for all j = 1, . . . , n. The element (v, ej) ej is called

the projection of v onto the direction ej.

2.1.2 Tensor products

The intuitive meaning of tensor product between two spaces � representing

the space of the possible states of two separate physical systems � is to con-

sider a single, `larger' space, representing the space of the possible states of

the two physical systems taken together. Similarly, the tensor product of

two vectors in two di�erent spaces (each one de�ning the state of a di�erent

physical system) is a vector of a larger space de�ning the state of the joint

system; the tensor product of two operators (each acting on a di�erent space)

is an operator acting on the tensor products of the respective domain and

target spaces.

The theory of tensor products is quite complex and even giving the neces-

sary de�nitions can be tricky. We will restrict ourselves only to the simplest

cases. A general introduction to tensor products in A-modules can be found

in [2].

Tensor products in vector spaces

We start by giving the de�nition of bilinear mapping between vector spaces:
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De�nition 2.1.3 (Bilinear mapping). Let U ,V ,W be complex vector spaces.

An application f : U × V → W is said to be bilinear if and only if:

1. the application v 7→ f (u,v) is linear for every u ∈ U ;

2. the application u 7→ f (u,v) is linear for every v ∈ V.

The following proposition is fundamental:

Proposition 2.1.4. Let U ,V be two complex vector spaces. Then there exists

a pair (T , f), where T is a vector space and f : U × V → T is bilinear, with

the following properties:

1. if W is another vector space and g : U × V → W is another bilinear

application, then there exists a unique linear application φW : T → W
such that g = φW ◦ f ;

2. if (T , f) and (T ′, f ′) are two pairs with the previous property, then

there esists an unique isomorphism ψ : T → T ′ such that f ′ = ψ ◦ f .

This leads to the following de�nition:

De�nition 2.1.5 (Tensor product of two vector spaces). With respect to

Proposition 2.1.4, given a pair (T , f), the tensor product between U and V
is de�ned as the vector space T and is denoted as U ⊗ V. We say that T is

a representation of U ⊗ V via f .

Notice that the meaning of U⊗V is ambiguous if f is not chosen. However,

in such a case the possible resulting spaces are all isomorphic. The role of f

is to select a choice of basis for U and V when constructing T .

De�nition 2.1.6 (Tensor product of two vectors). With respect to Proposi-

tion 2.1.4, given a pair (T , f), the tensor product between u and v is de�ned

as the vector u⊗ v
.
= f (u,v).

Unless otherwise stated, we will consider understood the choice of f . This

will be usually done by considering the standard basis of the spaces involved,

with their respective standard ordering.
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Proposition 2.1.7. If { e1, . . . , en } is a basis for U and { f1, . . . , fm } is a

basis for V, then the set { ej ⊗ fk | j = 1, . . . , n; k = 1, . . . ,m } is a basis for

U ⊗ V.

This means that every vector w ∈ U ⊗ V can be decomposed as:

w =
n∑

j=1

m∑
k=1

αjkej ⊗ fk,

where αjk ∈ C for all j, k.

De�nition 2.1.8 (Tensor product of two operators). Let U ,V ,R,S be vector

spaces and A : U → R, B : V → S two linear maps. We de�ne the action of

A⊗B : U ⊗ V → R⊗ S as:

(A⊗B) (w)
.
=
∑
j,k

αjkA (ej)⊗B (fk) , for all w ∈ U ⊗ V ,

where w =
∑

j,k αjkej ⊗ fk is any decomposition of w with respect to Hilbert

bases { ej | j = 1 . . . , n } and { fk | k = 1 . . . ,m } of U and V respectively.

Notice that this de�nition is well posed because A and B are linear opera-

tors, hence the choice of particular bases is inin�uent. The resulting product

operator is, of course, still linear.

A tensor product can also be de�ned between a vector and a linear func-

tional, where by `functional' we mean an application mapping vectors to

scalars. The result is an operator:

De�nition 2.1.9 (Tensor product of a vector and a functional). Let U ,V
be vector spaces, u ∈ U and a : V → C a linear functional. Then we de�ne

u⊗ a : V → U as

(u⊗ a) (v)
.
= a (v)u, for all v ∈ V .

Tensor products can be generalized to much more complex objects (e.g,

arbitrary tensors), but we will not cover these topics here.
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Tensor products in Hilbert spaces

All the theory still works when we deal with Hilbert spaces instead of just

vector spaces:

Proposition 2.1.10. If U and V are Hilbert spaces with inner products (., .)U
and (., .)V respectively, then U ⊗ V is a Hilbert space with inner product:

(u1 ⊗ v1,u2 ⊗ v2)U⊗V
.
= (u1,u2)U (v1,v2)V ,

for every u1,u2 ∈ U , and for every v1,v2 ∈ V. Moreover, if { e1, . . . , en } is

a Hilbert basis for U and { f1, . . . , fm } is a Hilbert basis for V, then the set

{ ej ⊗ fk | j = 1, . . . , n; k = 1, . . . ,m } is a Hilbert basis for U ⊗ V.

In particular, if U is an n-dimensional Hilbert space and V is an m-

dimensional Hilbert space, then U ⊗ V is nm-dimensional.

The tensor product between a vector and a linear functional assumes

a particular signi�cance in Hilbert spaces, because vectors are in a one-to-

one isometric correspondence with linear functionals. One direction of this

correspondence is trivial:

Proposition 2.1.11. If u ∈ H, then the application:

(u, .) : v 7→ (u,v) ,

is a linear functional for every v ∈ H. Moreover, the application : u 7→ (u, .)

is an isometry, in the sense that supv∈H\{0 }
|(u,v)|
‖v‖ = ‖u‖.

But the opposite also holds:

Theorem 2.1.12 (Riesz Representation Theorem). For every linear func-

tional a : H → C, there exists a (unique) ua such that:

a (v) = (ua,v) ,

for every v ∈ H. Moreover, the application : a 7→ ua is an isometry.
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We will call (u, .) the dual of u and it will be sometimes denoted as u†.

Note that this notation is consistent, for if we represent u as a column vector,

then its dual is just the complex conjugate of u written as a row vector. In

this way:

u† (u) = (u,u) = u†u ∈ C,

while:

De�nition 2.1.13 (External product). If u,v ∈ H, we de�ne the external

product between u and v†:

u⊗ v† : w 7→ (v,w)u ∈ H,

for every w ∈ H. Note that the external product of a vector and the dual

of another vector is an operator, analogously to the tensor product between

a vector and a linear functional in a generic vector space.

Kronecker products

The Kronecker product of two matrices A and B is an operation resulting in

the matrix of A ⊗ B, when A and B are seen as operators with respect to

the canonical choice of basis.

De�nition 2.1.14 (Kronecker product of two matrices). If A is an nA×mA

matrix and B is an nB ×mB matrix, then we de�ne A⊗B as the (nAnB)×
(mAmB) matrix of the corresponding product operator.

A Kronecker product of two matrices A and B can be constructed by

blocks as follows: if A = [aj,k]j,k, then:

A⊗B =

 a1,1B . . . a1,mA
B

...
. . .

...
anA,1B . . . anA,mA

B

 .
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A vector can then be seen as a column matrix, so that:

u⊗ v =

 u1
...
un

⊗

 v1
...
vm

 =

 u1v
...

unv

 =



u1v1
...

u1vm
...
...

unv1
...

unvm


.

That is, the Kronecker product between an n-dimensional column vector

and an m-dimensional column vector is an nm-dimensional column vector,

while:

u⊗ v† =

 u1
...
un

⊗
(
v1 . . . vm

)
=

 u1v1 . . . u1vm
...

. . .
...

unv1 . . . unvm

 .

That is, the Kronecker product between an n-dimensional column vector

and an m-dimensional row vector is an n×m matrix representing the exter-

nal product between the two vectors with respect to the standard basis.

De�nition 2.1.15 (Kronecker sum). We de�ne the Kronecker sum of two

square matrices A (n× n) and B (m×m) as:

A⊕B
.
= (A⊗ Im) + (In ⊗B) ,

where Ik is the k-dimensional identity matrix.

Notice that the Kronecker sum is generally not equivalent to the vectorial

direct sum.

De�nition 2.1.16 (Matrix exponentiation). If A is a square matrix, we

de�ne:

eA
.
=

∞∑
k=0

Ak

k!

13



It can be proven that this series converges for every n× n matrix A, and

the limit is another n× n matrix.

Proposition 2.1.17 (Properties of the matrix exponential). If A and B are

square matrices, then:

1. eO = I;

2. eA+B = eAeB if and only if AB = BA;

3. eA
T
=
(
eA
)T
;

4. eA
†
=
(
eA
)†
;

5. if B is invertible, then eBAB−1
= BeAB−1;

6. det
(
eA
)
= etr(A),

where tr (A) is the trace of A, i.e., the sum of its diagonal elements.

We are now ready to state the properties of the Kronecker product for

matrices A,B,C,D (omitting their dimensions) and scalar λ:

Proposition 2.1.18 (Properties of the Kronecker product).

1. A⊗B ⊗ C = A⊗ (B ⊗ C) = (A⊗B)⊗ C;

2. A⊗ (B + C) = A⊗B + A⊗ C;

3. (A+B)⊗ C = A⊗ C +B ⊗ C;

4. λ (A⊗B) = (λA)⊗B = A⊗ (λB), for every λ ∈ C;

5. (A⊗B) (C ⊗D) = AC ⊗BD;

6. (A⊗B)−1 = A−1 ⊗B−1;

7. (A⊗B)T = AT ⊗BT ;

8. (A⊗B)† = A† ⊗B†;

9. eA⊕B = eA ⊗ eB.
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We will just say `tensor product' instead of `Kronecker product' when the

context makes clear that the choice of the basis is the standard one (which

will always happen, unless otherwise stated).

2.1.3 Bra-Ket notation

A widely used notation in QM is the bra-ket notation, which is as follows.

If u is a vector of a Hilbert space H, then it will be written as |u〉, while
〈u| will be its dual, that is, the linear application u†. In this way the inner

product between |u〉 and |v〉 can be written as 〈u|v〉, so that ‖u‖2 = 〈u|u〉,
while the properties of the inner product can be rewritten as:

〈u|v〉 = 〈v|u〉, for every u,v ∈ H;

〈u|u〉 ≥ 0, for every u ∈ H;

〈u|u〉 = 0 if and only if u = 0.

Here we are using u and v just like labels to denote di�erent bras or kets:

we will usually denote these labels by lowercase Greek letters (φ, ψ, . . .). It

is then possible to sum kets and the result is another ket:

|φ〉+ |ψ〉 = |ξ〉 ;

or to multiply kets by scalars, either by left or right, yielding another ket:

λ |ψ〉 = |ψ〉λ.

The same can be done with bras, with the usual sum and product by scalars

of linear applications.

If A : H → I is an operator between Hilbert spaces H and I, it acts from
left on a ket and yields another ket:

A (|ψ〉) = A |ψ〉 = |φ〉 ;

but it can also act from the right on a bra, yielding another bra:

(〈ψ|)A = 〈ψ|A = 〈φ| .
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An operator can also be composed between a ket and a bra:

〈ψ|A|φ〉 = (〈ψ| ◦ A) (|φ〉) = 〈ψ| (A |φ〉) .

There is always the dual correspondence:

(〈ψ|A)† = A† |ψ〉 ,

that is,

〈ψ|A|φ〉 = 〈φ|A†|ψ〉,

for every |ψ〉 , |φ〉 ∈ H, while the notations A 〈ψ| or |ψ〉A are meaningless and

we will regard them as forbidden. In general, the associativity axiom for bra

and ket multiplication allows us to always apply the associative property,

as long as the operation makes sense, and to ignore the operation symbol

whenever there is no ambiguity. In this way, we can write the external

product between a bra and a ket as:

|ψ〉 ⊗ |φ〉† = |ψ〉 ⊗ 〈φ| = |ψ〉 〈φ| = (|φ〉 〈ψ|)† ,

which is an operator. We can even merge the labels in a single bra or ket

when performing tensor products, since this adds no ambiguity:

|ψ〉 ⊗ |φ〉 = |ψ〉 |φ〉 = |ψφ〉 .

We will �nd the following theorem useful in many circumstances:

Theorem 2.1.19 (Resolution of the identity). Let |γ1〉 , . . . , |γn〉 be a Hilbert

basis for H. Then:
n∑

k=1

|γk〉 〈γk| = I.

Proof. Let |ψ〉 ∈ H. It can be decomposed as:

|ψ〉 =
n∑

k=1

〈γk|ψ〉 |γk〉 =
n∑

k=1

|γk〉 〈γk|ψ〉 .

We can then apply the associative property to the last member:

|ψ〉 =

(
n∑

k=1

|γk〉 〈γk|

)
|ψ〉 ⇒

n∑
k=1

|γk〉 〈γk| = I.
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2.1.4 Hermitian and Unitary operators

We give now de�nitions and basic properties for some particular classes of

operators between Hilbert spaces, and their associated matrices.

Hermitian matrices

De�nition 2.1.20 (Hermitian operator). An operator A : H → H is said to

be Hermitian or self-adjoint if and only if A = A†.

We say that a matrix is Hermitian if it represents a Hermitian operator.

Notice that:

• the elements on the diagonal of a Hermitian matrix must be real num-

bers;

• the sum of two Hermitian matrices is a Hermitian matrix;

• the inverse of an invertible Hermitian matrix is Hermitian;

• the product of two Hermitian matrices is Hermitian if and only if they

commute;

• the Hermitian n×n matrices form a vector space over the real numbers,

but not over the complexes (because multiplication by i does not yield

a Hermitian matrix).

We can use Hermitian operators to generate Hilbert bases:

Theorem 2.1.21 (Spectral decomposition for Hermitian operators). Let

A = A† : H → H be a Hermitian operator. Then:

1. A's eigenvalues are reals;

2. A's eigenvectors form an orthogonal set;

3. A's eigenvectors span H.
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As a corollary we obtain a Hilbert basis for H by normalizing the eigen-

vectors of a Hermitian operator:

Corollary 2.1.22. If A is Hermitian, then there exists a Hilbert basis for H
composed of eigenvectors of A, with real associated eigenvalues.

If v is an eigenvector for A with associated eigenvalue α, i.e.:

Av = αv,

then we will often write v as a ket |α〉 labeled by the same eigenvalue:

A |α〉 = α |α〉 .

Notice that this notation is only coherent if α is not degenerate, that is, there

is only one eigenvalue associated to α, but in this work we will have to deal

mostly with non-degenerate operators, i.e., without degenerate eigenvalues).

Unitary matrices

De�nition 2.1.23 (Unitary operator). An operator U : H → H is said to

be unitary if and only if it is invertible and U−1 = U †.

We say that a matrix is unitary if it represents a unitary operator.

The n × n unitary matrices form a (non-Abelian) group with respect to

matrix multiplication. This group is called the unitary group and is often

denoted as U(n). It is a subgroup in the general linear group of invertible

n× n matrices, GL(n). Notice also that:

Proposition 2.1.24. Let U and V be unitary matrices. Then U ⊗V is also

unitary.

We can also de�ne the following:

De�nition 2.1.25 (Special unitary matrix). A matrix U is said to be special

unitary if and only if it is unitary and det(U) = 1.
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Special unitary matrices form a subgroup of U(n) called the special uni-

tary group, denoted by SU(n).

The real vector space of Hermitian matrices and U(n) are bound by the

theory of Lie groups. This is a very vast topic (we recommend [13] for a

survey), but we are only interested in the following results:

Theorem 2.1.26 (Generation of U(n)). For every U ∈ U(n), there exists a

(unique) n× n Hermitian matrix H such that U = eiH .

This leads to the following, by recalling 2.1.17:

Corollary 2.1.27 (Generation of SU(n)). For every U ∈ SU(n) there exists

a (unique) n× n Hermitian matrix H with tr(H) = 0 such that U = eiH .

We say that Hermitian matrices generate U(n), while trace-free Hermitian

matrices generate SU(n).

Pauli matrices

There are three very special operators widely used in QM:

De�nition 2.1.28 (Pauli matrices). If H is a 2-dimensional complex Hilbert

space, we de�ne the Pauli matrices with respect to the standard basis:

σx
.
=

(
0 1
1 0

)
σy

.
=

(
0 −i
i 0

)
σz

.
=

(
1 0
0 −1

)
.

While the above notation is the standard one in most of the literature, for

the sake of simplicity we will denote these matrices as X, Y, Z respectively,

while, if I is the 2 × 2 identity matrix, we denote the Pauli operator X for

the j-th space in a n-fold product space by:

Xk
.
=

n︷ ︸︸ ︷
I ⊗ . . .⊗ I ⊗ X︸︷︷︸

kth position

⊗I ⊗ . . .⊗ I,

and analogously for Yk and Zk.

Notice that Pauli matrices are Hermitian and trace-free. Moreover:
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Theorem 2.1.29 (Decomposition with Pauli matrices). Every trace-free

Hermitian matrix A can be written as a linear combination:

A = αX + βY + γZ,

with α, β, γ ∈ R.

Proposition 2.1.30. Each of the Pauli matrices has eigenvalues +1 and −1.

The corresponding eigenvectors will be denoted as |+σ〉 and |−σ〉 respectively,
with σ ∈ {X, Y, Z }.

So, e.g., X |+X〉 = |+X〉, while Z |−Z〉 = − |−Z〉.

The following will be also useful in the next chapters:

De�nition 2.1.31 (Levi-Civita symbol for Pauli matrices).

εijk =


1, if (i, j, k) = (X,Y, Z) , (Y, Z,X) or (Z,X, Y )
−1, if (i, j, k) = (Z, Y,X) , (Y,X,Z) or (X,Z, Y )
0, otherwise.

In other words, εijk is 1 if and olny if (i, j, k) is an even permutation of

(X, Y, Z), −1 if and only if it is an odd permutation and 0 if any of the

subscripts is repeated.

Two very useful operators when dealing with linear operators are:

De�nition 2.1.32 (Commutator and anticommutator). If A and B are two

n× n matrices, we de�ne:

• the commutator of A and B: [A,B]
.
= AB −BA;

• the anticommutator of A and B: {A,B} .
= AB +BA.

Notice that [A,B] = O if and only if A and B commute, while {A,B} = O

if and only if A and B anticommute, that is, AB = −BA.

Proposition 2.1.33 (Properties of Pauli matrices). Let (A,B,C) be a per-

mutation of (X, Y, Z). Then:
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1. [A,B] = 2iεABCC

2. {A,B} = 2iδABI

moreover:

3 X2 = Y 2 = Z2 = I.

Notice in particular that X,Y, Z are unitary.

2.2 Quantum Mechanics

Quantum Mechanics (QM) is a branch of physics born at the very end of

the 19th century to deal with unexpected experimental results discovered in

the previous years. Such experiments involved the study of light or, more in

general, electromagnetic radiation, or other microscopic systems. Classical

physics routinely failed to explain the outcomes of these experiments, two

problems usually arising in the investigation of such phenomena:

• physical items supposed to behave like particles show instead some

behaviour typical of waves, a classic experiment being the interference

between beams of electrons;

• some physical observables (that is, physical properties of a system

which can be measured through an experiment), despite being tied

to continuous-valued quantities like energy or momentum, seem to be

quantized for many physical processes, typical experiments being the

measurement of the black-body radiation or the photoelectric e�ect.

QM tries to address these issues by introducing the concept of wave func-

tion: to every observable of a physical system is associated a function satisfy-

ing the Schroedinger wave equation and representing the probability ampli-

tude of obtaining a certain value for that observable through an observation.

We are not interested in the general physical theory though, but only in

its mathematical formulation.
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2.2.1 Postulates of Quantum Mechanics

QM is a probabilistic physical theory based on an axiomatic mathematical

formulation. Many di�erent formulations can be given, all leading to the

same resulting theory. Among these formulations, one of the most used in in

quantum computing is the Von Neumann axiomatization, which is given by

four postulates [26].

Postulate 1

Every physical system is associated to a topologically separable complex Hilbert

space. Di�erent states of the system are in a one-to-one correspondence with

equivalence classes of normalized vectors.

Separability is a mathematically convenient hypothesis, with the physi-

cal interpretation that countably many observations are enough to uniquely

determine the state, but in the �nite-dimensional case we can ignore this

request. The dimension of the space depends on the physical system we are

considering: it can be as small as 2 for very simple systems, or it can be

much larger, or even in�nite.

System states can be identi�ed by equivalence classes of vectors of length

1, where two normalized vectors represent the same state if and only if they

di�er only by a phase factor (complex number of norm 1). In other words,

system states are normalized representatives of points in the projective space

de�ned by the Hilbert space.

Postulate 2

The Hilbert space associated to a composite system is the tensor product of

the Hilbert spaces associated to the separate subsystems.

So, if |ψ〉 is the state of the system represented by the space H, and |φ〉 is
the state of the system represented by the space I, the state of the composite

system will be |ψφ〉.

22



Postulate 3

Every observable of the system is represented by a Hermitian operator. A

measurement on a state `collapses' it onto an eigenstate of that operator

(with amplitude of probability equal to the inner product between the state

and the eigenstate), and produces the relative eigenvalue as an outcome.

An eigenstate of an observable is a normalized eigenvector. This postu-

late states that the process of measurement of an observable is probabilistic,

meaning that, after a measurement, an arbitrary state becomes one of the

eigenstates of the observable taken into account (yielding the correspondent

eigenvalue as an outcome of the measurement); the probability of collapsing

into a particular eigenstate or another depends on how much `related' the

initial state is to that eigenstate. That is, the outcome itself of the measure-

ment is in general probabilistic. This is very counterintuitive, but it can be

proven that the expected value of the measurement for macroscopical objects

is very close to the classical expectations.

Postulate 4

Every simmetry of a physical system is represented by a unitary operator.

With respect to our needs, a simmetry of a physical system is to be

intended as a reversible evolution of the system, where by `evolution' we

mean a change of state. So, for example, the translation of a system that is

in a certain state is a unitary operator applied on that state, yielding another

state.

2.2.2 Qubits

A qubit is the fundamental measure unit of quantum information. It is a

possible state of a 2-dimensional complex Hilbert space (notice, in fact, that

in a 1-dimensional Hilbert space there is only one physical state because of

Postulate 1, hence no information can be embedded in such a state).
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Just like classical bits, qubits can assume 0 or 1 values with respect to a

computational basis of the space and, just like classical bits, it is possible to

build logic gates to perform operations. But unlike classical bits, which can

be either just 0 or just 1, a qubit can be in a superposition of the two basis

states. This has interesting computational consequences.

De�nition 2.2.1 (Computational basis). Let A be an observable. We call

computational basis with respect to A a basis of H made of eigenstates of

A.

Notice that this de�nition is well-posed for Corollary 2.1.22.

In the 2-dimensional case, recall that the Pauli operators are Hermitian,

and are hence observables. Physically, they represent the measurement along

one of the three coordinate axis of the spin (magnetic angular momentum)

of a spin-1
2
system (the simplest quantum system, like an electron, where you

can obtain only two possible di�erent outcomes from a measurement).

De�nition 2.2.2 (Canonical computational basis). LetH be a 2-dimensional

Hilbert space. We call canonical computational basis the set of the two eigen-

states of the observable Z, that is, { | +Z〉, | −Z〉 }.
This de�nition generalizes to n-fold products of 2-dimensional Hilbert

spaces via tensor products of the computational basis elements in the un-

derlying spaces.

From now on, we will denote the two basis elements |+Z〉 and |−Z〉 by
|0〉 and |1〉 respectively. So, e.g., in a 4-dimensional product Hilbert space

we have the 2-qubits canonical computational basis:

|00〉 |01〉 |10〉 |11〉 ,

while in a 8-dimensional product space we have the 3-qubits basis:

|000〉 |001〉 |010〉 |011〉 |100〉 |101〉 |110〉 |111〉 .

In this way, for example, Z1 |01〉 = |01〉, while Z2 |01〉 = − |01〉. We will al-

ways intend a computational basis to be the canonical one, unless otherwise
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stated.

Basis elements have a natural representation in terms of column vectors:

|0〉 =
(

1
0

)
|1〉 =

(
0
1

)
,

so that, for example:

|01〉 = |0〉 ⊗ |1〉 =


0
1
0
0

 ;

|101〉 = |1〉 ⊗ |0〉 ⊗ |1〉 =



0
0
0
0
0
1
0
0


;

|1〉 〈0| = |1〉 ⊗ 〈0| =
(

0 0
1 0

)
.

A general state |α〉 is then a complex linear combination of basis elements.

For example, in a 8-dimensional, 3-fold product space we have:

|α〉 =
∑

h,j,k∈{ 0,1 }

αhjk |hjk〉 ,

where the αhjks are complex numbers called the components of |α〉 with re-

spect to the computational basis. In this way, if S : H → H is a generic linear

operator, we have:

S |α〉 =
1∑

h,j,k=0

αhjkS |hjk〉 .

We can then represent S as a matrix in terms of basis elements. For
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example, the operator:

S
.
=

� |00〉 |01〉 |10〉 |11〉

|00〉
|01〉
|10〉
|11〉


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1


acts as a qubit swap operator in a 22-dimensional space.

Finally, let us underline that from a theoretical point of view we are

not limited to 2n-dimensional product spaces. We may have, for instance,

a computational basis in a 3-dimensional Hilbert space (with respect to a

certain Hermitian operator A), and denote basis elements by |0〉 , |1〉 and |2〉.
The resulting linear combinations are called qudits (`qu-antum d-ig-its'). The

whole theory works in a similar way, but the computational consequencies of

this approach are rather di�erent and will be not investigated here.

2.2.3 Observables and measurements

Let H be an n-dimensional Hilbert space, and A = A† : H → H be an

observable with real non-degenerate eigenvalues a1, . . . , an and eigenstates

|a1〉 , . . . , |an〉.
For Corollary 2.1.22, the eigenstates of A form a Hilbert basis for H, so

that an arbitrary state |α〉 can be decomposed as:

|α〉 =
n∑

j=1

〈aj|α〉 |aj〉 .

Notice that this decomposition can also be obtained by Theorem 2.1.19.

Postulate 3 of QM tells us that a measurement of A on the state |α〉 is
a probabilistic process after which |α〉 is collapsed into a certain |aj〉 with
amplitude of probability 〈aj|α〉, that is, with probability |〈aj|α〉|2, yielding aj
as the outcome of the measurement. The request that the observables must

be Hermitian (and have therefore real eigenvalues) re�ects the fact that we
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expect a real valued outcome � hence with a physical signi�cance � and not

a complex one.

By the conservation of total probability, we must also have:

n∑
j=1

|〈aj|α〉|2 = 1,

so that, for any state |α〉:
|〈α|α〉|2 = 1.

This is the reason why we take normalized states as representative of physical

states.

The process of measurement being probabilistic, we might wonder what

is the mean value we can expect as an outcome from a certain experiment.

Proposition 2.2.3 (Expected value of an observable). The expected value

of an observable A over a state |α〉 is 〈α|A|α〉.

Proof. By applying Theorem 2.1.19 twice, we have:

〈α|A|α〉 = 〈α|IAI|α〉 =
n∑

j=1

n∑
k=1

〈α|aj〉 〈aj|A|ak〉 〈ak|α〉 =

=
n∑

j=1

aj |〈aj|α〉|2 =
n∑

j=1

pjaj,

where pj is the probability of observing value aj, as from Postulate 3, hence

satisfying the classic de�nition of expected value in probability.

We will denote just by 〈A〉 the expected value of A when the state |α〉 is
understood.

Obviously, if |α〉 is already an eigenstate |ak〉, for the orthonormality of

the basis we have:

|〈aj|ak〉|2 = δjk,
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and in particular:

〈ak|A|ak〉 = ak.

This means that the measurement of an observable over an eigenstate of that

observable will always produce the correspondent eigenvalue with probability

1, without changing the state, so that consecutive measurements of the same

observable will always (quite intuitively) produce the same outcome.

Of course, this is no longer true when if we change the observables: for

instance, if we �rst measure an observable A over a state |α〉 (obtaining the

value aj and an output state |aj〉), and then perform a measurement of an-

other observable B on the obtained state |aj〉 (yielding bh as an outcome and

|bh〉 as a result state), then, if we perform again a measurement of A over |bh〉,
we may obtain an outcome ak 6= aj. This simple algebraic argument explains

in very minimal terms one of the key consequences of QM: the uncertainty

principle which, roughly stated, tells us that `measurements can disturb the

state of a system', so that we generally cannot know the exact values of A

and B at the same time for a certain system.

There is a more general form of quantum measurement which is given by

the concept of a positive operator valued measurement (for short, POVM).

Such a measurement consists of a set of Hermitian operators that form a

resolution of the identity. When the operators are in a certain form, we obtain

the measurement described here. We will not take into account POVMs in

this work however, a good survey can be found in [22].

2.2.4 Hamiltonians

Let us consider now an operator U describing the time evolution of a system.

For our concerns, we will only take into account a discrete evolution, that is,

U |ψ〉 is the state we obtain from |ψ〉 after an elementary discrete amount of

time has passed. If we set, e.g., this elementary time to be 1 second, then a

state |ψ〉 after t seconds will be in the state U t |ψ〉.
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In this work we only take into account reversible processes. That is,

it must be always possible, in theory, to know which state |φ〉 gave origin

to an evoluted state |ψ〉, provided that we know the exact structure of the

evolution operator. This means that we regard time evolution as a simmetry

and therefore, by Postulate 4 of QM, U must be represented by a unitary

operator. By Theorem 2.1.21, this means that there must exist a Hermitian

operator H that generates time evolution: U = eiH .

De�nition 2.2.4 (Hamiltonian). Let U be the time evolution operator for a

physical system. We call Hamiltonian of the system the Hermitian operator

H such that U = eiH .

Being a Hermitian operator, a Hamiltonian must also be an observable of

some physical quantity of the system. It can be proven by physical arguments

that it is indeed the observable of the energy of the system, its eigenvalues

being the possible energy levels that the system can assume. The minimum

of those eigenvalues is called ground level of the system, and the associated

eigenstates are called ground states. The di�erence between the ground level

and the �rst (lower) energy level di�erent from the ground level is called gap

of the Hamiltonian.

29



30



Chapter 3

Quantum Computing

In this chapter we will present a basic introduction to Quantum Computing.

In Section 1 we will give the elementary notions of classical computation

theory, by investigating the Turing Machine model and, in particular, the

circuit model; we will also introduce the concept of reversible computing,

explaining the reasons for the de�nition of such a model.

In Section 2 we will de�ne the quantum circuit model and explain how a

quantum circuit works.

3.1 Classical computation

In this section we will focus on the basics of classical computation theory

by presenting two di�erent � but equivalent � approaches to de�ne a model

for the computation of a function: the Turing Machine approach and the

circuital approach. We will mostly focus on the latter, being more practical

and more easily applicable to the quantum model of computation.

An algorithm is a procedure, expressed in a �nite list of elementary in-

structions, to perform a computation. By performing a computation we mean

computing the value of a function f . We will restrict to the case of binary

Boolean functions, that is, from the set { 0, 1 }n (where n ∈ N to the set

{ 0, 1 }. If b ∈ { 0, 1 }n, we call b a binary string and n the length of b. We

will assume that each elementary instrucion takes a �nite unspeci�ed amount
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of time to be executed. Notice that even if an algorithm is expressed by a

�nite number of elementary instructions, some of these instructions may be

repeated more times. An algorithm is �nite if it terminates after a �nite

amount of time for every possible input.

De�nition 3.1.1 (Computable function). A function f : { 0, 1 }n → { 0, 1 }
is computable if and only if there exists a �nite algorithm which computes f .

A model of computation is an abstract object capable of performing an

algorithm. A function f : { 0, 1 }n → { 0, 1 } is said to be computable for a

certain computational model M if it is computable according to De�nition

3.1.1 and M is capable of performing the algorithm computing f .

Many classical computational models have been proposed, but they have

been proven to be equivalent, in the sense that they compute the same class

of functions. We will only take into account two of the most powerful models

known: Turing machines and circuits.

3.1.1 Turing Machines

A Turing Machine is a theoretical computational model. In its simplest form

it consists of four components:

• a �nite state controller s, i.e., a single variable that can assume a value

in a �nite set of elements S = {σ1, . . . , σk, σb, σh }, where σb and σh are
special elements called beginning state and halt state;

• a tape X, i.e., a sequence of symbols (xj)j∈N of a �nite alphabet A;

• a program P , i.e., a �nite set { r1, . . . , rq } of rules of the form (y1, s1, y2, s2, d),

where y1, y2 ∈ A, s1, s2 ∈ S, d ∈ { 0,+1,−1 };

• a tape-head t, i.e., a single variable that can assume a value in N.

The tape-head t points to the position of the tape that is currently readable

or writable (that is, xt) and starts in the value 1, while s starts in the value

σb. The computation proceeds step-by-step, in the following way:
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• if xt = y1, s = s1 and there is a rule of the form (y1, s1, y2, s2, d) ∈
P , then the machine changes the internal state s to s2, changes tape

element value xt to y2 and changes tape-head state t to t+ d (with the

constraint that t+ d must always be greater than zero)..

• otherwise, it sets s to σh and terminates.

A Turing Machine is an elementary model of computation, but it can com-

pute many binary functions, e.g. by encoding the argument as a binary string

in the initial con�guration of the tape and the output 0 or 1 as the tape sym-

bol pointed by the tape-head, xt, when the program halts. In this case we

will say that the Turing machine implements the algorithm computing that

function.

A Turing Machine T can also compute a function describing the behaviour

of another Turing Machine S by encoding the description of S itself as a bi-

nary string Y . Then, if S computes the function f(X), T can compute f(X)

too by setting the initial con�guration of its tape to the concatenation of X

and Y . Such a Turing Machine can hence simulate the behaviour of any other

Turing Machine over any possible input state. We will call this machine T

an Universal Turing Machine (UTM).

Despite their simplicity, Turing Machines are a very powerful computa-

tional model: the Church-Turing Thesis states that every computable func-

tion (according to De�nition 3.1.1) is indeed computable by a Turing Ma-

chine, and viceversa.

However, not every binary function is computable. The most famous

example is the function computing the halting problem:

Theorem 3.1.2. Given a Turing Machine T (described as a binary string)

and a binary input X, let the function f be de�ned as:

f(T,X) =

{
1, if T eventually halts on input X,
0, otherwise.

Then f is incomputable.
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This means that there is no way to know in advance if an arbitrary Turing

machine will halt or not on a given input: the only way to discover it is to

run the machine on X and wait for an output.

3.1.2 Circuits

Another model for computation is the circuit model. It can be proven to be

equivalent to the Turing Machine model in computational terms, but it is

more practical for our investigation. We will restrict to Boolean circuits, i.e.,

acting on bits (elements of the set { 0, 1 }) and computing Boolean functions.

A circuit is made of four elements:

• an input register, i.e., an n-dimensional array of bits representing the

input binary string;

• gates, i.e., functions of the form g : { 0, 1 }j → { 0, 1 }k from j input

bits to k output bits;

• wires, i.e., connections between gates;

• an output register, i.e., an m-dimensional array of bits representing the

output binary string.

Wires form paths from the input register to the output register by connecting

gates in an acyclic directed graph. Every wire brings a single bit of infor-

mation and circuits perform operations by linking gates with wires. We will

often assume that n = m and that the single-bit output of the circuit is

encoded in a �xed element of the output register.

We will represent circuits in a graphical way by considering the direction

of the wires from left to right. For example, the following circuit:

x

y

x AND y
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takes a 2-bit register as an input, performs a logical AND operation between

bits x and y and produces a single bit as output. We call this gate the AND

gate. Other examples are the OR gate:

x

y

x OR y

the NOT gate:

x NOT x

and the SWAP gate:

x

y

y

x

Sometimes we will consider some of the input bits as having �xed values.

We will call them ancilla bits; they are not to be considered as part of the

input, but as constants of the circuit. For example, the following circuit:

x

y

0

0

takes a 2-bit value as an input and computes the constant 0 function as a

single output bit, because the last AND gate will always yield a 0 output

(being the ancilla bit 0 one of its arguments). Ancilla bits can be used as

`extra memory slots', i.e., they can be used to store new information. For

example, the following COPY gate:

x

1

x

x

COPY
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takes a single bit as an input and an ancilla bit, and outputs two copies of

the input bit.

We can also have controlled gates, i.e., gates that perform a certain action

on target bits x1, . . . , xl if and only if the value of another bit, called control

bit, is 1. For example, the following is a controlled-NOT (CNOT ) gate:

y {

x x

NOT y, if x = 1

y, otherwise

These gates generalize to k-multi-controlled gates, i.e., gates that perform

a certain operation if and only if all of the values of k other bits are 1. For

example, the following is a controlled-controlled-NOT (CCNOT ) gate, which

is also called a To�oli gate:

z {

y y

NOT z, if x AND y = 1

z, otherwise

x x

We will denote a generic gate G controlled by k bits as CkG.

It can be proven that by linking together di�erent gates it is possible to

compute every computable function, i.e., circuits are equivalent to Turing

Machines.

Universal sets

A �nite set of circuit gates {G1, . . . , Gk } is said to be universal if every other
gate can be expressed as a circuit composed only of a �nite number of gates

in the set. For instance, the following can be proven:

Proposition 3.1.3. The set consisting only of AND,OR,NOT and COPY

gates is universal.

Let us take into account the following circuit:

36



x

y

NOT(x AND y)

We de�ne a NAND gate as the gate computing the same function as the

above circuit. This is a very special gate:

Proposition 3.1.4. The set consisting only of NAND and COPY gates is

universal.

Proof. It is su�cient to note that, given input bits x and y:

• the gate NOT x can be implemented as 1 NAND x, using an ancilla

bit;

• the gate x AND y can then be implemented as NOT (x NAND y);

• the gate x OR y can then be implemented by using De Morgan's Law:

x OR y = NOT ((NOT x)AND(NOT y));

and the thesis follows from Proposition 3.1.3.

Finally, the To�oli gate is also universal:

Proposition 3.1.5. The set consisting only of the CCNOT gate is universal.

Proof. It is su�cient to note that, given input bits x and y:

• the gate x NAND y can be implemented by setting x and y as control

bits and 1 as an ancilla target bit, in the following way:

1

y y

x NAND y

x x

• the COPY gate can be implemented by setting x as one of the two

control bits, an ancilla bit 1 as the other control bit and an ancilla bit

0 as the target bit, in the following way:
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0

1 1

x

x x

and the thesis follows from Proposition 3.1.5.

3.1.3 Reversible computing

We say that a computation is reversible if it does not erase information. In

the case of the circuit model it means that by observing the output register

we can always know the state of the input register for any possible (input,

output) pair of binary strings. We say that a circuit (or gate) is reversible

if it performs a reversible computation. For example, the SWAP gate is

reversible, while the AND gate is not.

Obviously, a necessary condition for a circuit to be reversible is that the

number of output variables must be at least as large as the number of the

input variables (not including ancilla bits, that are considered constants of

the computation and hence carry no information). The following circuit C,

e.g., cannot be reversible if x, y, z are arbitrary bits:

y

z

x
s

t
C

This is not, of course, a su�cient condition. For example, the following

circuit is also not reversible:

y

z

x

C

x

x

x
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because the values of y and z are lost during the computation.

To achieve reversible computation we restrict our circuit model to the

following scenario for a given circuit C:

• the input register of C is composed by both input and ancilla bits used

during the computation;

• the output register of C contains a special bit that will assume the

single 0 or 1 value of the Boolean function computed by C over the

input bits;

• the size of the input and output registers are the same;

• C is composed only of reversible gates.

We will call this model a reversible circuit model. We de�ne width of

a reversible circuit the size of its input and output registers. We de�ne

depth of a reversible circuit the maximum length (expressed in number of

wire connections) between an input register element and an output register

element. For example, the following circuit:

w
A

B

C

D

E

Fx

y

z

r

s

t

u

has width 4 and depth 5, one of the maximal length path being, e.g., wACEFt.

It is easy to see that this model is no less powerful than the general

circuit model, i.e., reversible circuits are computationally equivalent to non-

reversible circuits and Turing Machines.

Proposition 3.1.6. Let f be a computable binary Boolean function. Then

there exists a reversible circuit U computing that function.
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Proof. By the Church-Turing Thesis, if f is computable then there exists a

Turing Machine � or equivalently a circuit C � computing f . By Proposition

3.1.5 we can build a circuit U equivalent to C made only of To�oli gates.

But a To�oli gate is indeed a reversible gate, so U is reversible.

The interest for reversible computation comes from thermodynamical con-

siderations that go beyond the scope of this work. The important point here

is that, if a computation is reversible according to our de�nition, then it is

in theory possible to perform that computation as a reversible process of a

physical system, i.e., without spending energy. More formally, the following

holds:

Theorem 3.1.7 (Landauer's principle). A computer, i.e., a physical sys-

tem performing a computation, consumes an amount of energy of at least

KBT log 2 every time it erases a single bit of information, where KB is a

positive constant with the dimension of an energy over a temperature and T

is the absolute temperature of the system.

Seen from the perspective of Quantum Computing, by recalling Postulate

4 of QM, this means that we could be able to model computational operations

as unitary operators acting on a quantum system.

3.2 Quantum circuits

We are now ready to introduce the quantum circuit model for computation,

which is an extension of the reversible circuit model. It is important to un-

derline that this model is computationally equivalent to the circuit or Turing

Machine model in regard to classes of computable functions. What makes it

di�erent � and interesting � will be explained in the next chapter.

As in the classical case, a quantum circuit is made of registers, wires and

gates. We prepare a quantum register in an input state encoding the instance

of the problem, then we perform a computation via quantum gates acting on

the state of the register, and �nally we retrieve information by reading the

�nal state of the register.
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3.2.1 Quantum registers and wires

The �rst element of a quantum circuit is a quantum register. This is an n-

dimensional array of elements, analogous to a classical register, but in this

case the elements are qubits. So it is possible for the register to assume as a

value a state of a 2n-dimensional Hilbert space H, i.e., a ket.

As in the classical case, a quantum wire carries information; but, unlike

the classical wire, it carries quantum information. That is, a single quantum

wire carries a single qubit of information and will be hence called a qubit line.

When drawing an n-qubits circuit, qubit lines will be numbered from 1 to n

starting from the uppermost.

A state of a 1-qubit quantum register can be |0〉 or |1〉, just like a single-
bit register can assume 0 or 1 values, but it can also be in a superposition of

|0〉 and |1〉, i.e.:
|ψ〉 = α |0〉+ β |1〉 ,

with α, β ∈ C and|α|2+|β|2 = 1. In the same way, an n-dimensional quantum

register can assume any unitary superimposed state of the 2n Hilbert basis

ket elements.

Entanglement

One of the simplest possible con�gurations for a quantum state is the follow-

ing:

De�nition 3.2.1 (Product state). . We call |ψ〉 ∈ H a product state if it

can be decomposed as:

|ψ〉 =
n⊗

j=1

|ψj〉 ,

where each |ψj〉 is an element of a 2-dimensional Hilbert space.

In other words, a product state can be seen as just a (tensor) product

of single qubits. This is the simplest con�guration possible for a quantum
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register, but it is not the only one, since a 2n-dimensional Hilbert space does

not contain just product elements. For example, the state:

|ψ〉 = 1√
2
|00〉+ 1√

2
|11〉

is not a product state of a 22-dimensional Hilbert space, because it cannot

be written as a product of two single-qubit states. We will call these states

entangled.

The existence of entangled states tells us that, unlike in the classical case,

we cannot see a quantum register as just an n-dimensional array of unbound

elementary units. We must instead see a quantum register as a larger, whole

quantum state, because individual qubits can be `tied together', i.e., the

state of a qubit can be physically bound to the state of another.

Entanglement is a puzzling properties of certain quantum mechanical

states. Namely, entanglement enables stronger than classical correlations

between quantum subsystems. Such correlations can not be simulated with

shared randomness and appear to be genuinely of a quantum mechanical

nature. The idea of entanglement is in the impossibility of describing certain

quantum states with a tensor product structure. Applying local unitary

matrices, acting on the single subspaces corresponding to the tensor product,

an entangled state can not be put in a separable form. This is a form in which

all the subsystems evolve independently.

The uses of entanglements are many: it is su�cient to point out that

every quantum cryptographic protocol devised so far makes use of entan-

glement; that striking protocols for communication (like teleportation) are

based on entanglement; that quantum algorithms for complex problems and

procedures for outperforming classical communication complexity need en-

tanglement as a key ingredient. One of the most interesting uses of en-

tanglement is to prove that classical correlations are stronger than classical

ones, therefore providing a testing ground at the foundational level for the

di�erences between quantum and classical physics. Indeed, entanglement al-

lows to improve the e�ciency of communication complexity protocols with a

provable quantum/classical exponential gap (see, e.g., [5]). The generation
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of entangled state in the laboratory is today a challenging task which fuels

research in many areas of experimental physics, including cold atoms, linear

optics, quantum dots, etc.

3.2.2 Single-qubit gates

As in the classical circuit model, a quantum gate is an object computing a

function. Single-qubit gates are the simplest of these objects: they act on a

single input qubit and produce a single output qubit.

Since we restrict ourselves to the reversible computing model, we request

these gates to be linear invertible operators. Moreover, since they must also

keep unaltered the norm of the ket they act upon, we request them to be

unitary. So a single-qubit gate is a unitary operator, which we represent as a

2× 2 matrix with respect to the computational basis.

The simplest single-qubit gate is the identity gate I. It can be represented

as the identity matrix I, so that for any arbitrary qubit |ψ〉 we have I |ψ〉 =
|ψ〉. That is, it leaves the qubit unchanged, so that we can draw it as just a

simple qubit line:

❘�❭ ❘�❭

Another simple single-qubit gate is the NOT gate. It can be represented

as the matrix:

N
.
= |0〉 〈1|+ |1〉 〈0| =

(
0 1
1 0

)
,

so that:

N (α |0〉+ β |1〉) = β |0〉+ α |1〉 ,

that is, it inverts the components of |0〉 and |1〉, analogously to the classical

NOT gate. We will draw this gate as:

❘�❭ N❘�❭

Other three simple gates we have already met are the Pauli X,Y, Z op-

erators:
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X Y Z

Another useful operator is the Hadamard operator H:

H
.
=

1√
2

(
1 1
1 −1

)
.

Notice that:

H |0〉 = 1√
2
|0〉+ 1√

2
|1〉 ;

H |1〉 = 1√
2
|0〉 − 1√

2
|1〉 ;

that is, a Hadamard gate evenly `mixes' the components of a basis ele-

ment. This will be useful later to produce entangled states. We will draw a

Hadamard gate as:

H

Finally, notice that if we have two adjacent single-qubit gates U and V

acting on the same qubit wire, we can replace them with the single gate

W = UV :

U →V W

3.2.3 Multi-qubit gates

A k-qubit gate is a unitary operator acting on the space spanned by k qubits.

The simplest case is when k = 2 and we have a 2-qubit operator U which is

a tensor product of two 1-qubit operators V and W :

❘�❭ V❘�❭V

❘�❭ W❘�❭W

❘��❭
U =

V⊗W
→ U❘��❭

Not all k-qubit gates can be decomposed as tensor products. One such

example is the SWAP operator between 2 qubits, S:

S
.
=


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 .
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It is called `SWAP' gate because:

S |01〉 = |10〉 , S |10〉 = |01〉 .

If a unitary gate U acts on qubit lines j and j + 2, we can interpret it

as a unitary operator that is a tensor product between two operators: the

operator representing U acting on the space spanned by qubits j and j + 2,

and the identity operator I on the space spanned by qubit j + 1, with the

tensor product performed between the relative spaces. The resulting unitary

operator acts on lines j, j + 1 and j + 2.

In general, recall that we can insert an identity gate I at any place on a

qubit line of a quantum circuit without changing the action of the circuit.

In this way we can contract gates, i.e., we can multiply every unitary gate of

an n-qubit circuit to obtain a single n-qubit unitary gate U :

A

B

C

D

→
A

B

C

D

I

I

I

I

E=

A⊗B

F=

I⊗C⊗I

G=

D⊗I⊗I

→

→ → U=

EFG

This leads to the following, by recalling Proposition 2.1.24:

Theorem 3.2.2 (Representation of quantum circuits). Let Q be a n-qubit

quantum circuit. Then it can be represented by a unitary operator, i.e., there

exists a unitary operator U : H → H such that, for every possible state

|ψ〉 ∈ H of the input register, Q computes the output state U |ψ〉.
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Controlled gates

Just like in the classical case, it is possible to build controlled quantum gates

using unitary operators. The �rst example is a quantum controlled-NOT

gate CNOT :

CNOT =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 .

Another example is the quantum To�oli gate CCNOT :

CCNOT =



1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0


.

In general, a k-controlled U gate with control qubit lines 1, . . . , k and

target qubit lines k + 1, . . . , k + l can be constructed by blocks:(
Ik O2k×2l

O2l×2k U

)
,

where On×m denotes a n×m matrix with all zero entries.

Hadamard gates and superposition

A special state of an n-qubit register is the following:

De�nition 3.2.3 (Uniform superposition). A ket |ψ〉 represents an uniform

superposition state over n qubits if:

|ψ〉 = 1√
2n

2n∑
j=1

|γj〉 ,

where { | γj〉 | j = 1, . . . , 2n } is the computational basis.
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Notice that such a state can be written as:

|ψ〉 =
n⊗

j=1

1√
2
(|0〉+ |1〉) .

Hadamard gates can be used to produce this particular state starting from

a |0 . . . 0〉 state:

Proposition 3.2.4. Let Hn =
⊗n

1 H be the n-fold tensor product of Hadamard

operators. Then Hn |0 . . . 0〉 is an uniform superposition over n qubits.

The No-cloning Theorem

An important feature of quantum computing is that, unlike in the classical

case, it is not possible to build a circuit that copies a qubit:

Theorem 3.2.5 (No-cloning Theorem). Let |ψ〉 be an arbitrary qubit. Then

there exists no unitary operator U such that |ψ0〉 = |ψψ〉.

Proof. First of all notice that we must use an ancilla qubit to not erase

information. Here we use the ancilla qubit |0〉 but the choice is of course not
in�uential.

Let us assume we have a unitary operator U mapping |00〉 to |00〉 and
|10〉 to |11〉 (which is a minimum requirement if we want it to copy a qubit).

Let |ψ〉 = α |0〉+ β |1〉. In this way we have:

U |ψ0〉 = αU |00〉+ βU |10〉 = α |00〉+ β |11〉 ,

because U is linear. On the other hand:

|ψψ〉 = (α |0〉+ β |1〉)⊗(α |0〉+ β |1〉) = α2 |00〉+αβ |01〉+βα |10〉+β2 |11〉 .

These two equations can obviously hold together only if α = 0 or β = 0, i.e.,

the classical case.
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3.2.4 Measurements

We must address a last question to complete the description of the quantum

circuit model, that is: how do we extract information from the register to

read the output of the computation?

As from the previous description of QM, it is clear that after the compu-

tation is performed by a circuit (unitary operator) U on a input state |ψ〉,
information must be extracted from the register � having output state U |ψ〉
� through a measurement of a particular observable A. Postulate 3 of Quan-

tum Mechanics tells us that this process is probabilistic, i.e., if we perform

many times the same computation on the same input state, we will generally

obtain di�erent outcomes. The expected value of the measurement will be:

〈ψ|U †AU |ψ〉 .

This means that this model of computation is probabilistic: we must take

care in designing quantum algorithms such that the expected value is as close

as possible to the correct value for the function we want to compute, for every

possible choice of input states.

Since we are concerned with Boolean functions, we can safely assume

without loss of generality that the output bit is a measurement of Z1, that

is, the observable Z over the �rst qubit of the register. Recall that Z has

eigenvalues 1 and −1; then a 1 outcome will be interpreted as a 0 output bit

and a −1 outcome as a 1 output bit.

3.2.5 Alternative models for Quantum Computing

In the context of computational perspective, the circuit model of quantum

computation is somehow the most studied so far because it is de�ned in close

parallel with its classical analogue. However, the mathematical formalism

of QM suggests di�erent models which from the theoretical point of view

are very rich, and deeply valuable in the perspective of guiding experimental

work. It is su�cient to mention measurement based quantum computation
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and adiabatic quantum computation. In measurement based quantum com-

putation, we prepare the system in an particular type of initial state and

then we drive the computation without applying unitary operators, but by

performing appropriate measurements with respect to chosen bases; in adi-

abatic quantum computation we leave the Hamiltonian of the system act

adiabatically and drive the computation towards a particular state encoding

the solution of the problem. However, this model has been demonstrated to

have issues, because a computation may stop in some undesired con�gura-

tion.
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Chapter 4

Computational Complexity

Theory and E�cient Simulation

of Quantum Circuits

In this chapter we will investigate the theoretical computational di�erences

between classical and quantum computing. In fact, although the two models

are equivalent from the point of view of computability, it is unknown if they

are equivalent from the point of view of computational complexity theory.

In Section 1 we give an introduction to computational complexity the-

ory, using Turing Machines as a tool to classify functions into complexity

classes. We will explain what an `e�cient computation' is according to this

computational model.

In Section 2 we will see that quantum circuits can implement algorithms

computing certain functions in an e�cient way.

Finally, in Section 3, the possibility of simulating quantum algorithms via

classical circuits will be investigated. We will give two possible de�nitions of

`classical simulation' and we will prove some results about what these two

de�nitions imply.
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4.1 Computational complexity theory

The role of computational complexity theory is to classify problems into

complexity classes. A complexity class is a set of mathematically de�nible

problems which share an inherent degree of di�culty, where `di�culty' means

a cost in terms of necessary resources to �nd or check a solution for a given

instance of a problem.

There is a vast literature on the topic and we cannot a�ord to go too

much deep in details in this work. We will just give basic de�nitions and

results. Most of the omitted proofs can be found in [28] or in [21].

De�nition 4.1.1 (Decision problem). Let X ,Xyes,Xno be sets of binary

strings such that:

1. X = Xyes ∪ Xno;

2. Xyes ∩ Xno = ∅;

3. there exists a computable function f : X → { 0, 1 } such that:

f(ξ) =

{
1, if ξ ∈ Xyes

0, otherwise

for every ξ ∈ X .

We de�ne decision problem the pair (Xyes,Xno). We call an element ξ ∈ X
an instance of the problem, while the length of ξ will be called di�culty of

the instance and will be denoted as |ξ|.

Notice that we restrict the above de�nition to decidable problems, but

it is also possible to de�ne undecidable problems, i.e., by setting f as un-

computable. Notice also that this de�nition can be rephrased in terms of

languages over a binary alphabet: a decision problem is the process of com-

puting if a given string belongs to a language or not.

The process of solving a certain instance of a decision problem, i.e., com-

puting f(ξ), has a cost in terms of computational resources. Since we can
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model the computational process with Turing Machines, we can de�ne this

resources according to the properties of the (most e�cient) Turing Machine

computing the underlying function f :

De�nition 4.1.2 (Computational resources cost for Turing Machines). The

space cost (or memory cost) of computing f(ξ) is the minimum number of

tape slots used among all the Turing Machines computing f(ξ).

The time cost of computing f(ξ) is the minimum number of computational

steps performed among all the Turing Machines computing f(ξ).

In most of the cases we do not know in advance which is the best Turing

Machine to solve a certain decision problem, so we will just refer to the best

known Turing Machine. We will mostly focus on time cost in the rest of this

work because of practical considerations.

Notice that the computational cost of a particular instance of a decision

problem depends on the instance di�culty. We will express this cost in terms

of the instance length n taking into account only the asymptotic behaviour

of the relationship, i.e., if a decision problem has a cost of 3n2−n+5 for an

instance length n, we will just say that it has a cost of O(n2).

From now on, we will refer both to the pair (Xyes,Xno) or to the function

f interchangeably as `decision problem', since there is no ambiguity.

The de�nition of computational cost has been given with regard to the

properties of the underlying Turing Machines involved. But since we know

that other models (e.g, circuits) are computationally equivalent to Turing

Machines, we might wonder if this equivalence also holds from a computa-

tional complexity perspective. The answer is `polinomially yes':

Proposition 4.1.3. Let f : X → { 0, 1 } be a function computable by a

Turing Machine T in space s and time t (where s and t must be intended

as functions of the problem instance length). Then there exists a circuit C

of width w and depth d, computing f . Moreover, w and d are polynomial

functions of s and t respectively.
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The opposite also holds:

Proposition 4.1.4. Let f : X → { 0, 1 } be a function computable by a cir-

cuit C of width w and depth d (where w and d must be intended as functions

of the problem instance length). Then there exists a Turing Machine T com-

puting f in space s and time t. Moreover, s and t are polynomial functions

of w and d respectively.

In this case we say that T and C are computationally equivalent.

By the previous two propositions, it is clear that if we restrict to a de�ni-

tion of resource cost modulo polinomial functions, we can give an equivalent

de�nition for circuits:

De�nition 4.1.5 (Computational resources cost for circuits). The space cost

(or memory cost) of a decision problem f is the minimum width among all

the circuits computing f (as a function of the di�culty of the instance).

The time cost of a decision problem f is the minimum depth among all

the circuits computing f (as a function of the di�culty of the instance).

With this formalism, we are now ready to classify decision problems ac-

cording to their computational cost.

4.1.1 Classical deterministic complexity classes

As we have just seen, the concept of `polynomial equivalence' is a basic

building block for the de�nition of computational classes. This leads to the

following:

De�nition 4.1.6 (complexity class P). P is the class of all the functions

that are computable in polynomial time on a Turing Machine with respect to

the size of the input.

De�nition 4.1.7 (complexity classNP). NP is the class of all the functions

for which the correctness of a given result is provable in polynomial time on

a Turing Machine with respect to the size of the input.
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We can restrict these de�nitions to binary Boolean functions (i.e., decision

problems) and will say that a decision problem is in P or NP accordingly.

Roughly speaking, P is the class of all the problems `easy' to solve on

a classical computer, while NP is the class of all the problems for which it

is `easy' to check, using a traditional computer, whether a given string is

actually a solution or not.

Obviously, P ⊂ NP. The infamous problem to decide if P = NP or not

is the most well-known open problem in theoretical computer science and

one of the most important problems in mathematics. It is widely believed

that these two classes are indeed di�erent, but no proof has been found to

date.

NP-completeness and SAT

We can de�ne a partial ordering between decision problems, according to

their di�culty:

De�nition 4.1.8 (E�cient reduction). Let f : X → { 0, 1 } , g : Y → { 0, 1 }
be two decision problems. We call a function φ : Y → X an e�cient reduction

from f to g if φ ∈ P and f(ξ) = g(φ(ξ)), for every ξ ∈ X. In this case we

will write f ≤ g.

The relationship ≤ just de�ned is clearly re�exive and transitive, so it

de�nes a partial ordering. For instance, we can de�ne:

De�nition 4.1.9 (NP-completeness). A decision problem f is said to be

NP-complete if f ∈ NP and g ≤ f for every g ∈ NP.

Roughly speaking, NP-complete problems are the `hardest' problems in

the NP category. If we denote as NPC this class of problems, we obviously

have NPC ⊂ NP. The following can be proven (see [18]):

Theorem 4.1.10. If P 6= NP, then there are in�nitely many non-equivalent

di�culty classes in NP.
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The typical example ofNPC problem can be constructed in the following

way. We de�ne a Boolean formula φ over n Boolean variables to be satis�able

if there exists a truth assignment x ∈ { 0, 1 }n such that φ(x) = 1. A Boolean

formula over n variables is always encodable as a binary string of length m,

where m is polynomial in n.

De�nition 4.1.11 (SAT). Let B be the set of all Boolean formulae (encoded

as binary strings), and let f : B → { 0, 1 } such that:

f(φ) =

{
1, if φ is satis�able
0, otherwise

,

for every φ ∈ B. Then f represents a decision problem, that we will denote

as SAT.

SAT is an archetypal example of NPC problem (see [8] for a proof of the

following theorem):

Theorem 4.1.12 (Cook-Levin). SAT is in NPC.

In other words, SAT is the problem of deciding if a given Boolean formula

can be satis�ed or not. This is a very hard problem if n is large, but even

for large n it is easy to check if a given a truth assigment satis�es or not a

given formula. Since this problem is in NPC, every other problem in NP

can be e�ciently (that is, in polynomial time) reduced to an instance of SAT.

Hence, �nding a algorithm able to solve SAT in polynomial time would imply

that P = NP = NPC.

4.1.2 Classical non-deterministc complexity classes

A randomized algorithm is an algorithm in which the execution of certain in-

structions occurs only with a certain probability every time the algorithm is

run. A non-deterministic Turing Machine is an abstract model of computa-

tion capable of performing a randomized algorithm by employing coin tosses,

i.e., aleatory variables that can assume 0 or 1 values with equal probability.

To classify decision problems under this model we must take into account

not only the cost of the computation, but also its accuracy.
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We will denote by poly(x1, . . . , xk) a generic function that grows at most

polynomially in x1, . . . , xk.

De�nition 4.1.13 (complexity class PP). We denote as PP the class of all

the decision problems that can be solved in poly(n) time by a non-deterministic

Turing Machine for every possible choice of input values of size n, in such a

way that the output is correct with probability greater than 1
2
+ 1

2poly(n) .

De�nition 4.1.14 (complexity class BPP). We denote as BPP the class

of all the decision problems that can be solved in poly(n) time by a non-

deterministic Turing Machine for every possible choice of input values of

size n, in such a way that the output is correct with probability greater than
1
2
+ ε, where ε is a positive, arbitrarily small constant.

The two de�nitions above look similar, but there is actually a very deep

di�erence: in BPP the success rate of the algorithm must be bound to a

constant independent from the input (the B in BPP stays just for `Bounded

probability'). It is possible to prove that the constant itself does not matter

as long as it is greater than zero. In PP instead, the constant can depend

on the input and become closer and closer to zero as the input size grows

(for example it can be 1
n
for n-bit inputs). So in the latter case it is possible

to �nd a sequence of input values for which the correctness of the algorithm

tends to zero: notice in fact that a real `useless' random algorithm is only

the one which gives the correct answer 50% of the times, while an algorithm

that gives the wrong answer the 100% of the times would be as useful as one

giving always the correct answer, since we are dealing with boolean `yes-or-

no' functions.

Notice also that by the term correctness of a randomized algorithm we

mean the minimum of the two success probabilities both in the case of a 0

or 1 correct result. In other words: we take into account (as a meaning of

`correctness') both the case where a 0 answer would be expected and the

algorithm actually outputs a 0 (rejection probability), and the case where

a 1 answer would be expected and the algorithm actually outputs a 1 (ac-

ceptance probability), and stick to the worst case scenario. Consider as an

example a hypothetical algorithm to test the primality of integers, running
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in polynomial time with respect to the number of digits of the input number.

Suppose that this algorithm marks an input number as prime if the number

is actually prime with probability 1, while erroneously marks a composite

number as prime with probability 1
2
. This algorithm would not even be in

PP because it would have a correctness of just 50%.

But if the random outcome of this hypothetical algorithm in the case of a

composite input integer does not depend on that input (i.e., it is completely

non-deterministic), then we could repeat the test twice for a candidate inte-

ger. If just one of the two runs of the test is rejected, then we are guaranteed

that the number is indeed composite, while if the candidate passes both tests,

then we know that it is prime with at least 1− 1
2
· 1
2
= 75% probability. That

is, we have a correctness ratio over 75% =
(
1
2
+ 1

4

)
, and the algorithm is now

in BPP (since we have only doubled the necessary running time).

This is indeed exactly what happens in many popular primality test al-

gorithms, such as Fermat's or Rabin-Miller's algorithms (see, e.g., [23]), that

is, a low-accuracy round is repeated many times to improve the probability

of having a correct answer.

Obviously P ⊂ BPP ⊂ PP. Actually the class PP is so huge that it can

be proven to contain also NP and a many other classes:

Theorem 4.1.15. NP ⊂ PP.

Another open question is to understand if adding this property of `ran-

domness' to our classical algorithms actually improves in a signi�cant man-

ner the power of those algorithms or else it adds nothing new. It is clear

that P ⊂ BPP (because a classical Turing Machine can be seen as a non-

deterministic Turing Machine without the ability to perform random opera-

tions), but it is currently unknown if BPP = P or not: this is another very

famous open problem in computer science.

Despite the intuitive and empirical evidence of randomized algorithms

being capable of solving certain problems much faster than deterministic

ones, we must face the following result (see e.g. [14]):

Theorem 4.1.16. Either P 6= NP or P 6= BPP, but not both.
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So strong is the belief on the �rst inequality in the academic commu-

nity that it is indeed widely conjectured that P = BPP. This means that

a suitable computational notion of `randomness' in algorithm design does

probably add nothing important to the e�ciency of these, and that is al-

ways possible to solve a decision problem in a deterministic way with a time

overhead at most polynomial with respect to the time employed by the best

non-deterministic algorithm solving that problem.

4.2 Quantum algorithms

A quantum algorithm is an algorithm speci�cally modeled upon a quantum

computational model instead than a classical one. If we restrict to the circuit

model, for instance, we call an algorithm `quantum' if it runs on a quantum

circuit.

First of all this means that a quantum algorithm is in general probabilis-

tic: since we follow the quantum circuit model, it must operate on a quantum

register via quantum gates and produce an output through the probabilistic

process of measurement.

Moreover, we are not limited to the traditional computational primitives

of the classic models (like AND, OR, NOT, integer addictions, swaps etc.),

but we can employ every possible operation computed, e.g., by a quantum

gate such as Hadamard. Most importantly, we can work over entangled

computational states.

4.2.1 Reasons for quantum algorithms

Since we have already claimed (and we will see a detailed proof in the next

section) that quantum and classical computing models are equivalent from a

computability perspective, we might wonder why to devise algorithms espe-

cially built for quantum circuits. The reason is that it is currently unknown if

quantum and classical computing are equivalent from a computational com-

plexity perspective.
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It is clear that the quantum circuit model is at least as powerful (in terms

of computational complexity) as the classical circuit model, because we have

already seen that it is possible to build a To�oli gate as a single quantum

gate: therefore the depth of a quantum circuit computing a certain function

can be equal to the depth of a classical circuit computing the same function.

It is still not clear if the opposite holds, but in the recent years some

problems (which are not traditionally believed to have e�cient solutions on

a classical computer) have been found to be e�ciently solvable on a quantum

computer. Given the extreme interest these problems address in real-world

situation, a great concern for Quantum Computing has risen.

As it was originally pointed out by Richard Feynman, the simulation of

a quantum system with the use of a quantum system seems to be a major

application of quantum algorithms. Indeed, the large number of degrees of

freedom required in the description of a quantum evolution can only be dealt

with in a reasonably e�cient way if we approach the simulation problem di-

rectly with quantum mechanical resources. This is an important motivation

towards the physical implementation of the quantum computer, a machine

wich can greatly speed up the simulation of quantum processes. Applications

would be fundamental in quantum chemistry, in the study of new materials,

and contributing towards the understanding of quantum e�ects in noisy bi-

ological systems.

Let us underline that the problems presently known to be e�ciently solv-

able on a quantum computer, but not believed to be so on a classical one, are

scarce. This could either mean that existing problems with this property are

actually scarce, that designing e�cient quantum algorithms is really di�cult

(both for their counterintuitive approach and because of the vast amount of

research already done on classical algorithms) or that quantum computing

is in truth no more powerful than classical computing. Many considerations

about this matter can be found in [24]. We will just cite a couple of the most

well-known quantum algorithms discovered so far.
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Shor's algorithm

The problem of multiplying two large prime numbers is trivial to solve. But

the opposite problem, that is, to factorize an integer in its prime factors, is

considered to be very hard to solve on a classical computer. A lot of re-

search has been done on the subject, but the best known classical algorithms

for integer factorization have a superpolynomial time complexity. Many of

today's most secure cryptographic protocols (used in e-commerce, telecom-

munications, military and so on) rely on the assumption that is not feasible

to factorize large integers.

In 1994, Peter Shor found a quantum algorithm able to e�ciently fac-

torize integers of n digits in time O(n3). Given the extreme importance of

factorization, this algorithm is considered a cornerstone in the �eld of quan-

tum computing, and it started a race to build a physical realization of a

quantum computer.

Grover's algorithm

Suppose we have an unsorted array of n integers and we want to know the

position of a certain element. It is clear that with a classic algorithm, in the

worst case, we have to check at least n − 1 positions before being sure of

�nding the desired element at a certain position.

In 1996, Lov Grover found a quantum algorithm to �nd a certain element

in a quantum register by performing only
√
n of these queries. Although

the speedup is only polynomial, this algorithm can be applied to every NP

problem, resulting in a practical advantage in many real-world situations.

4.2.2 Quantum complexity classes

We conclude this section by giving de�nitions of two very important quantum

complexity classes:

De�nition 4.2.1 (complexity class PQP). We de�ne PQP as the class of

all the decision problems that can be solved in poly(n) time by a quantum

circuit for every possible choice of input values of size n, in such a way that

the output is correct with probability greater than 1
2
+ 1

2poly(n) .
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De�nition 4.2.2 (complexity class BQP). We de�ne BQP as the class of

all the decision problems that can be solved in poly(n) time by a quantum

circuit for every possible choice of input values of size n, in such a way that

the output is correct with probability greater than 1
2
+ ε, where ε is a positive,

arbitrarily small constant.

We have already seen that it is possible to implement a classical To�oli

gate as a quantum CCNOT gate; this justi�es the following:

Proposition 4.2.3. BPP ⊂ BQP, and PP ⊂ PQP;

but it can also be proven that:

Proposition 4.2.4. PP = PQP;

(see, i.e., [27] for both proofs), while it is still unknown if BQP = BPP

or not, but it is considered unlikely.

4.3 Classical simulation of quantum algorithms

The notion of simulatabilty of a quantum circuit has grown in interest in the

last years and is looked at as one of the possible ways to better understand

the di�erence between quantum and classical computing. Moreover, it has

practical consequences with respect to the simulation of the behaviour of

quantum systems, which has direct applications in many �elds.

The term `classical simulation of quantum algorithms' means a classical

procedure (that is, executable on a deterministic Turing Machine) that allows

us to predict the behaviour of a quantum algorithm without being forced to

actually `build' a quantum computer capable of running that algorithm. This

is interesting for two reasons:

• the actual physical realization of a quantum computer is really hard,

even for a small number of qubits. To date, the most advanced proto-

types of quantum computer work on the order of tenths of qubits;

• a quantum computer is widely believed to be more powerful than a

classical one, in the sense that it is believed that BQP 6= BPP.
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Notice that, to date, in all the instances where a speedup between quan-

tum and classical computation is provable, this is at most polynomial (e.g.,

Grover's algorithm). The only `hints' we have about the alleged superior-

ity of quantum computation is the existence of problems which are provably

solvable in polynomial time on a quantum computer, but are believed to be

not on a classical computer. Interestingly enough, such examples are often

found among the same few candidates believed to mark the di�erence be-

tween P and NP, such as factorization and discrete logarithm. But notice

that none of these examples has yet been proven to be not in P, neither has

any NPC problem been proven to be in BQP. Actually, it is believed that

there is no inclusion gerarchy between NP and BQP.

4.3.1 Strong simulation

There are many di�erent notions of `classical simulation' for a quantum cir-

cuit. We will use the following:

De�nition 4.3.1 (Strong simulation). A quantum circuit C of width n and

depth poly (n) is classically strongly e�ciently simulatable with respect to:

• a class of input states Λ,

• a class of output observables Ξ,

if the expected value of the measurement 〈λ|C†ξC |λ〉 is computable up to

accuracy m in poly (n,m) time by a classical deterministic algorithm, for

every λ ∈ Λ and for every ξ ∈ Ξ.

In this work `accuracy m' stands for `up to m digits of accuracy'. Notice

that this is a very strong requirement: much less strict de�nitions could also

be given, as `up to logm digits of accuracy'. Notice also that we require the

classical algorithm to be deterministic. So the above is indeed one of the

strongest notions of `e�cient classical simulation' we can achieve. It is so

much strong that the following holds:

Theorem 4.3.2. If it is possible to strongly simulate every quantum circuit,

then P = PP.
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Proof. For each problem in PQP there exists a quantum circuit Q computing

solutions to that problem, with depth n and accuracy at least 1
2
+ 1

2poly(n) , for

every instance of size n. If Q is strongly simulatable by a classical circuit

C, then we can compute the expected value of Q's output over any problem

instance. Since the notion of strong simulation involves a precision up to m

digits, we can set m = poly(n), and hence be able to always discriminate

between a 0 instance and a 1 instance.

We would therefore have found a classical deterministic Turing Machine

solving our problem in polynomial time, hence having P = PQP, and the

Theorem follows by Proposition 4.2.4.

Then we also have from Theorem 4.1.15:

Corollary 4.3.3. If it is possible to strongly simulate every quantum circuit,

then P = NP.

This means that this notion of simulation is so much strong that it is

reasonable only for particular classes of quantum circuits.

4.3.2 Weak simulation

A weaker meaning of `simulation' is often taken into account:

De�nition 4.3.4 (Weak simulation). A quantum circuit C of width n and

depth poly (n) is classically weakly e�ciently simulatable with respect to:

• a class of input states Λ,

• a class of output observables Ξ,

if there exists a randomized algorithm in BPP (running in poly (n) time)

for which the output probability distribution is the same as the probability

distribution of the measurement outcomes of ξ on C |λ〉 (up to accuracy m),

for every ξ ∈ Ξ and for every λ ∈ Λ.

Here we just ask to be able to sample the output of the quantum circuit,

up to a certain accuracy. Indeed, if we could weakly e�ciently simulate

every quantum computation in this way (for every possile input state and

observable), this would be enough to prove that BPP = BQP:
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Theorem 4.3.5. If every quantum circuit of width n and depth poly (n) is

e�ciently weakly classically simulatable with respect to every possible input

state and observable, then BQP = BPP.

Proof. It is trivial: if we have a quantum algorithm with bounded success

rate and an equivalent non-deterministic algorithm with the same output

probability distribution, then the success rate of the deterministic algorithm

is also bounded.

In this work we will deal only with the notion of strong simulation, hence

in the following we will just write `e�cient simulation' for `strong e�cient

simulation (up to exponential accuracy)'.

4.3.3 Some remarks on simulation

It is important to notice the following fact. If we have a quantum circuit C

of width n and depth poly(n), we can represent it as a single unitary matrix

(Theorem 3.2.2), while we can represent any possible input state |φ〉 as a

vector, and any observable A as a Hermitian matrix. So, in theory, we could

algebraically compute the expected value of the computation as:

〈φ|C†AC|φ〉 ,

that is, we could strongly simulate C by performing simple matrix multipli-

cations.

However, this is not feasible because of the size of the matrices involved:

for an n-qubit system (circuit width n) the dimension of the Hilbert space is

2n, hence matrix multiplication is also exponentially hard in n.

In the rest of this work we will focus on a very particular simulation

technique, but it is important to clarify that the most part of the research

in e�cient simulation is done by trying to `improve' the naive matrix mul-

tiplication method mentioned above. There are, in fact, certain states and

operators that make possible an e�cient direct simulation by performing ma-

trix operations in a certain order: this is called tensor network contraction

65



and it is a vast topic of investigation.

The simplest example is when we have a product state (PS) as an input:

|φ〉 = |α1 . . . αn〉 ,

a product operator as a circuit:

U = U1 ⊗ . . .⊗ Un,

and a product observable as a measurement:

A = A1 ⊗ . . .⊗ An.

We can then apply the naive matrix product as:

〈φ|C†AC|φ〉 =
n∏

j=1

〈αj|A†
jUjAj|αj〉 ,

where each 〈αj|A†
jUjAj|αj〉 is computable in polynomial time since it involves

just a 1-qubit subspace (and hence 2× 2 matrices).

These are of course very particular states, but they can be generalized to

states that have a similarly e�cient contraction.
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Chapter 5

Fermionic Representation and the

Jordan-Wigner Transform

In this chapter we will introduce a di�erent representation of a system of n

qubits using Fermionic operators. These are particular operators that de�ne

properties of a certain class of quantum physical systems, which are called

Fermions. The resulting representation will be useful in the next chapters.

In particle physics, Fermions are objects that follow the Fermi-Dirac

statistics. The behaviour of these particles is dictated by the Pauli exclusion

principle which, roughly stated, tells us that two di�erent particles cannot be

in the same state. So if one particle is present in a certain physical state (po-

sition, energy, etc.), then no other particle occupies the same state. Fermions

are looked at with interest in quantum information theory, for they represent

a suitable model for quantum computation.

However we are not concerned with the physical interpretation of the

Fermionic model itself. We will just focus our attention on the abstract

Fermionic operators, keeping in mind that these operators arise from the ne-

cessity of describing a mathematical model for a Fermionic quantum system.

In Section 1 we will give a description of Fermions by postulating the

existence of a set of operators on H satisfying certain properties, then we

will infer the existence of a computational basis with respect to certain ob-

servables built by those operators.

In Section 2 we will introduce Fermionic Hamiltonians and will both give
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a complete mathematical characterization and a physical interpretation of

these objects.

In Section 3 we will �nally present the Jordan-Wigner Transform (JWT),

which allows to switch between a Fermionic description of a system and a

description based upon Pauli matrices.

5.1 Fermionic representation

We start by de�ning the following:

De�nition 5.1.1 (Fermionic operators). LetH be a Hilbert space and a1, . . . , an :

H → H a set of non-Hermitian operators. We call the ajs Fermionic opera-

tors if they satisfy the canonical anticommutation relations (CARs):

•
{
aj, a

†
k

}
= δj,kI,

• {aj, ak} =
{
a†j, a

†
k

}
= O,

for every j, k = 1, . . . , n.

This implies in particular that a2j =
(
a†j

)2
= O, for every j. The mere ex-

istence of these operators tells us many things on the structure of H, namely:

Proposition 5.1.2. Let H be a Hilbert space and a1, . . . , an Fermionic op-

erators on H. Then the following hold:

1. the operators Hj
.
= a†jaj are observables (Hermitian operators) with

associated eigenvalues 0 and 1 for every j = 1, . . . , n;

2. the operator aj acts as a lowering operator for Hj, in the sense that if

|ψ〉 is a normalized eigenvector of Hj with associated eigenvalue 1, then

aj |ψ〉 is a normalized eigenvector of Hj with associated eigenvalue 0;

3. similarly, the operator a†j acts as a raising operator for Hj, in the sense

that if |ψ〉 is a normalized eigenvector of Hj with associated eigenvalue

0, then a†j |ψ〉 is a normalized eigenvector of Hj with associated eigen-

value 1;
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4. the operators Hj are mutually commuting;

5. there exists a state |vac〉 ∈ H which is a simultaneous eigenvector of

all Hjs, with associated eigenvalue 0 for every j.

By applying combinations of the raising operators a†j on |vac〉, we ob-

tain a total of 2n simultaneous eigenstates for all the Hjs. We are going to

label these eigenstates with {|ξ〉}ξ∈{ 0,1 }n ; namely: if ξ = (x1, . . . , xn) with

xj ∈ { 0, 1 } for every j, then |ξ〉 =
(
a†1

)x1

. . .
(
a†n
)xn |vac〉. In particular, we

denote |vac〉 as |0 . . . 0〉.

This notation may look ambiguous with respect to the similar notation

for a computational basis, but the following holds:

Proposition 5.1.3. Let V ⊂ H be the space spanned by the 2n simul-

taneous eigenstates of the Hjs. Then H can be decomposed as V ⊗ D,

where D is a complex Hilbert space with �nite dimension d, and dim (H) =

dim (V) dim (D).

This means that the action of the ajs is nontrivial only on V , while D
is left unmodi�ed. We can hence safely ignore D for our purposes and just

set H = V. This is called the fundamental representation for the Fermionic

CARs, and the simultaneous eigenstates |ξ〉ξ∈{ 0,1 } are indeed a computational

basis for H (since the Hjs are Hermitian). Proofs of all the above can be

found in [20].

5.1.1 Fermions

We can identify qubits with Fermions by interpreting the action of the ajs

in the following way:

• if the j-th qubit is set to 0, then a†j sets it to 1, while aj maps it in the

0 state

• if the j-th qubit is set to 1, then aj sets it to 0, while a†j maps it in the

0 state
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• the Hermitian operator Hj = a†jaj is an observable with two possible

outcomes (0 or 1) on the j-th qubit. This is called counting operator

(because it `counts' the presence or not of a Fermion in position j).

Notice that in order to have this interpretation for a n-qubit system,

it is necessary to �x an ordering among Fermions. Notice also that in this

interpretation it is clear that a†jaj+aja
†
j = I for every j, as we should expect.

This representation is very useful because Fermionic Hamiltonians usually

have a direct physical interpretation. The complete description of a quantum

system in terms of its energy levels (Hamiltonian eigenvalues) can lead to a

straightforward e�cient simulation of the system.

5.1.2 Majorana spinors

Another useful representation for Fermions is the following:

De�nition 5.1.4 (Majorana spinors). Let a1, . . . , an be Fermionic operators.

Then the following 2n operators:

c2k−1
.
= ak + a†k c2k

.
= −i

(
ak − a†k

)
, k = 1, . . . , n,

satisfy the anticommutation relation:

{cj, ch} = 2δj,hI,

for every j, h = 1, . . . , 2n. We will call c1, . . . , c2n Majorana spinors.

These operators are related to the spin (Pauli) operators by mean of

a particular transformation that we will see later in this chapter. Spinors

will be used in the following chapters to build a representation of a Cli�ord

algebra.

5.2 Fermionic Hamiltonians

A Fermionic Hamiltonian is a linear combination of Fermionic terms, each

term being a product of an even number of Fermionic operators (this is a
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general rule which holds for every observable, because of conservation rules

and the fact that the Hermitianity of the operator must be preserved).

We will try to give a physical interpretation to these Hamiltonians by

recalling that they are observables of the energy of the system. We are

interested in �nding the ground state of Fermionic Hamiltonians in which

interactions are local, i.e., in our case, only related to nearest-neighbour

sites (Fermions or qubit lines). We will take into account just two-body

interactions, that is, we are assuming that the overall interaction of the qubits

in the system can be decomposed as interactions of just pairs of qubits (this

is not always necessarily true, but the models for many-body systems are far

more complicated and not usually manageable). In this way we are going to

have only three kinds of Fermionic terms:

5.2.1 `Counting' terms

These are quadratic terms of the form a†jaj, hence they are just counting

operators Hj for the j-th Fermion. Their e�ect, in the Hamiltonian, is to

`select' single qubit values in the ground state. Let us see, e.g., the e�ect of

the Hamiltonian:

H = a†1a1

in a 2-qubit system. It is trivial to see that the eigenstates of H are of the

form:

|0?〉 , |1?〉 ,

where we do not care about the value of ?. But the di�erence is that the

state |0?〉 is mapped in the 0 state (and hence it has associated eigenvalue 0),

while |1?〉 is mapped to itself (and so it has associated eignevalue 1). Because

we are looking for the smallest eigenvalue, it follows that our ground state

will be of the form |0?〉. From this example it is evident that the e�ect of a

counting term a†jaj in the Hamiltonian is `to select' the value 0 for the j-th

qubit in the ground state. Analogously, the adjoint term aja
†
j = −a†jaj sets

the value 1 for the j-th qubit in the ground state.
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5.2.2 `Hopping' terms

These are quadratic terms of the form a†kaj, with j 6= k. They are called

`hopping' because of the interpretation previously given to the ajs: aj `de-

stroys' a Fermion on site j, while a†k `creates' a Fermion on site k. So if this

term is applied to a state which represents a Fermion in the site j, it makes

that Fermion `migrate' to site k.

But notice that we will never �nd the term a†kaj alone in a Hamiltonian,

because it is not Hermitian. We will always �nd the adjoint term a†jak too,

which has the opposite e�ect: it makes a Fermion `migrate' from site k to

site j. So, keeping in mind the superposition principle, if we have a 2-qubit

system with a Hamiltonian like:

H = a†1a2 + a†2a1,

the overall e�ect is that the eigenstates will be in a superposition, more

precisely they will be of the form:

|10〉 ± |01〉 .

It is easy to see that in this case the minus sign leads to the minimum

eigenvalue, while if we had the Hamiltonian:

H = −a†1a2 − a†2a1

we would have had the ground state:

|10〉+ |01〉 .

To summarize: the e�ect of the hopping terms in the ground state is `to mix'

the values of the qubits involved.

5.2.3 `Interaction' terms

These are quartic terms of the form a†kaka
†
jaj. They are called `interaction

terms' because of the interpretation given to the counting operator a†kak: it
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`counts' the number of Fermions in the site k, then these quantities are mul-

tiplied (representing an `interaction' between the Fermions involved).

Let us take as an example, for a 2-qubit system, the Hamiltonian:

H = a†1a1a
†
2a2

It has 4 (classes of) eigenstates:

|00〉 , |01〉 , |10〉 , |11〉 ;

but the �rst three have associated eigenvalue 0, while the last one has 1. So

the ground state will be a linear combination of the form:

α1 |00〉+ α2 |01〉+ α3 |10〉

That is: a term of the form a†kaka
†
jaj `excludes' a (1, 1) combination in ground

state positions k and j. Analogously:

• a†jajaka
†
k excludes a (1, 0) combination;

• aja
†
ja

†
kak excludes a (0, 1) combination;

• aja
†
jaka

†
k excludes a (0, 0) combination.

5.2.4 General case

We can have Hamiltonians that include two or more of the above types of

terms, which may have opposite actions on the de�nition of a ground state.

In these cases, the overall action will be a superposition of the actions of the

singular separate terms.

Let us consider, e.g., the following Hamiltonian for a 2-qubit system:

H = c1a
†
1a1 + c2a

†
2a2 + c3a1a

†
1a2a

†
2.

According to what has been said before, the �rst term will `force' a ground

state of the form |0?〉, while the second will force one of the form |?0〉. But the
last interaction term will exclude a term of the form |00〉, so we are facing

a minimization problem where a balance must be found between opposing

`forces'. In these cases the solution will depend analitically on the values of

the cjs.
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5.2.5 Fermi quadratic Hamiltonians

A Fermi quadratic Hamiltonian H on H is a Fermionic Hamiltonian which

is quadratic with respect to the ajs, i.e., it has the form:

H =
∑
j,k

(
αj,ka

†
jak − ᾱj,kaja

†
k + βj,kajak − β̄j,ka

†
ja

†
k

)
,

where the matrix A
.
= [αj,k]j,k is Hermitian, while B

.
= [βj,k]j,k is antisym-

metric (this is to ensure that H is indeed Hermitian).

It turns out that these Hamiltonians are very easy to diagonalize (see, e.g.,

[20]). In order to accomplish this is crucial that the Hamiltonian contains

only quadratic terms. These kinds of Hamiltonians are very often found in

systems that can be described in terms of interactions between just pairs

of elements (mutually interacting Fermions). The interesting case for our

purposes is a system composed of a lattice of hopping Fermions interacting

only locally. Whatever the dimension of the lattice, we will get Hamiltonians

that are going to be composed just by terms of the form a†jak, where j and k

label two geometrically adjacent Fermions. Hence, these local Hamiltonians

are special cases of Fermi quadratic Hamiltonians.

5.3 The Jordan-Wigner Transform

Suppose we have an n-qubit system in the spin representation, that is, with

Pauli observables Xj, Yj, Zj, j = 1, . . . , n, and the related canonical computa-

tional basis. The Jordan-Wigner Transform (JWT) allows us to switch from

this representation to a Fermionic representation in terms of operators ajs.

That is: it is possible to �nd Fermionic operators a1, . . . , an such that the

computational bases in the two representations coincide. This can be done

in the following way:

aj
.
= −Sj−1

1 σj,

where:

σj
.
=

j−1⊗
1

I ⊗ (|0〉 〈1|)⊗
n⊗

j+1

I,
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while:

Sm
l
.
=

(
m∏
k=l

Zk

)
,

for l ≤ m, is the Z-string operator from site l to site m. Notice that here we

must pay attention to the ordering of the Fermions we are choosing. This is

called the Jordan-Wigner Transform (JWT).

The JWT can be inverted too, holding:

Zj = aja
†
j − a†jaj;

Xj = −Sj−1
1

(
aj + a†j

)
;

Yj = iSj−1
1

(
a†j − aj

)
.

It is important to note the following fact: it is not generally convenient to

express the Xj, Yj in such a way, because of the large number of ajs involved.

But it turns out that, for certain simple products of Pauli operators, the

expressions simplify to:

XjXj+1 =
(
a†j − aj

)(
aj+1 + a†j+1

)
;

YjYj+1 = −
(
a†j + aj

)(
a†j+1 − aj+1

)
;

XjYj+1 = i
(
a†j − aj

)(
a†j+1 − aj+1

)
;

YjXj+1 = i
(
a†j + aj

)(
a†j+1 + aj+1

)
;

and so quadratic terms of the above form map to quadratic terms of Fermionic

operators. This follows from the relations:

σ = 1
2
(X − ıY ) ; σ† = 1

2
(X + ıY ) ;

σZ = −1
2
ı (Y +X) ; σ†Z = −1

2
ı (Y −X) ;

Zσ = 1
2
ı (ıY −X) ; Zσ† = 1

2
(ıY +X) ;

and by observing that, due to the fact that all Pauli operators square to the

identity, string operators Sj
1 associated to consecutives indexes j and j + 1

cancel each other. This also holds for quadratic local Fermionic terms, i.e.:
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a†jaj+1 =
(
−Z ⊗ . . .⊗ Z ⊗ σ† ⊗ I ⊗ I . . .

)
(−Z ⊗ . . .⊗ Z ⊗ Z ⊗ σ ⊗ I . . .)

=
(
I ⊗ . . .⊗ I ⊗ σ†Z ⊗ σ ⊗ I . . .

)
=

1

4
(iXjXj+1 +XjYj+1 − iYjXj+1 − YjYj+1) .

We are then facing the following, crucial observation: if n = 1 (e.g., monodi-

mensional case), the JWT maps Fermionic terms into Pauli terms and vicev-

ersa keeping locality.

The problem here is that the meaning of `locality' itself strictly depends

on the geometrical dimension of the problem. There is a large conceptual

gap between monodimensional and multidimensional circuit simulation.

5.3.1 Monodimensional case

In this case we have, e.g., a �nite string of n qubits. An interesting feature

here is that geometrically neighbouring qubits are indexed with consecutive

js. So if we have a Hamiltonian expressed in terms of Pauli operators, which

is quadratic (that is, every product term is at most quadratic in the number

of operators involved) and local (that is, it involves only products of opera-

tors related to adjacent qubits), we can translate it to a quadratic Fermionic

Hamiltonian which is still local with respect to the aj' involved by using the

JWT, and hence it can be e�ciently diagonalized.

We will use this approach in the following chapters as the key ingredient

to show how it is possible to e�ciently simulate quantum circuits composed

only by a certain class of locally-acting gates.

5.3.2 Dimension greater than 1

The di�erence here is that, despite every possible ordering of the qubits, not

every pair of geometrically adjacent qubits will be indexed by consecutive

js, so there is usually no chance of ending up with a quadratic Hamiltonian
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wich is also local.

A trick to switch from a local quadratic Fermionic Hamiltonian to a lo-

cal quartic spin Hamiltonian in multiple dimensions has been proposed in

[7], using `additional degrees of freedom' in the form of auxiliary Fermions,

which are coupled to the original ones. The idea is to build a system which

can be decomposed as a tensor product of two distinct systems: the origi-

nal (physical) one and the auxiliary one. Then the JWT is applied to the

global system in such a way that non-locality terms (string operators) are

canceled each other, allowing an e�cient description of the system. Finally

this (solved) global system is decomposed back into the original subsytems,

providing an e�cient description for the physical system we were initially

interested in.

Let us take as an example the bidimensional case, considering an n × n

square grid, e.g., n = 4. Every site of the grid corresponds to a qubit, and

we are going to number the positions in the following way:

8 7 6 5

1 2 3 4

9 10 11 12

16 15 14 13

So, e.g., X4 would be the Pauli X-operator acting on the top right corner

qubit, while Y2Y7 is a vertical interaction between nearest-neighbour (n.n.)

qubits 2 and 7. In this case, `local' can refer either to horizontal pairs of

n.n. sites (which are indexed by consecutive js) or to vertical ones (which

are usually not indexed in this way, except for pairs (4, 5), (8, 9) and (12, 13).

We consider Hamiltonians with quadratic and quartic local Fermionic
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terms, of the form:

a†kaj (5.1)

a†kaka
†
jaj, (5.2)

where either k = j or k and j index two geometrically adjacent sites, as

usual. The JWT will map operators of the form 5.2 into local quartic spin

operators (because string operators from ak and a†k cancel each other), but

will map operators of the form 5.1 into quadratic local spin operators only

when j = k±1, that is all the horizontal hopping terms and very few vertical

ones. So there is a problem only for the vertical hopping terms.

The idea is to introduce an additional `layer of Fermions', in the form of

additional Fermionic operators bks for each operator ak, and then changing

the Hamiltonian of the system in such a way that string operators from every

bj will cancel out those from the ajs. We impose that the state composed only

by these new Fermions is in the ground state of the auxiliary Hamiltonian:

Ha
.
= −

∑
(j,k)∈Γ

Pjk,

where Pjk
.
=
(
bj − b†j

)(
bk + b†k

)
, and Γ is the set of directed edges in the

following picture:

The following is trivial:

Proposition 5.3.1. The Pjks commute and P 2
jk = I, for every (j, k).
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This implies that the Pjks have eigenvalues ±1 and they share a common

basis of eigenstates, so the gap of Ha is 2 and hence it has a unique ground

state, |χ〉a, with the property:

Pjk |χ〉a = |χ〉a ,

for every (j, k) ∈ Γ.

Next, we de�ne the operators cj
.
=
(
bj + b†j

)
and dj

.
= −i

(
bj − b†j

)
,

so that Pjk = icjdk, and we consider the system composed of the original

Fermions { aj | j = 1, . . . , n } and the auxiliary ones { bk | k = 1′, . . . , n′ } to-

gether. Geometrically we assume that each site in the grid is occupied by

two Fermions, one repesented with the ajs and one represented with the bk′s.

Then we modify the original physical Hamiltonian by altering the vertical

hopping terms which appear there in the following way:

a†jak 7−→ a†jakPj′,k′ .

We will call Hp this new, modi�ed Hamiltonian, while the total Hamiltonian

of the whole system will be Ht
.
= Hp +Ha.

Proposition 5.3.2. The ground state |χ〉 of the whole system can be de-

composed as a tensor product of the ground states |χ〉p and |χ〉a of the two

separate subsystems, provided that we multiply Ha for a positive real constant.

Proof. First note that Hp = Hp′ + Hvert, where Hp′ is composed only by

interaction terms and horizontal hopping terms (hence acting only on the

physical subsystem), while Hvert is made only of terms of the form a†jakPj′,k′ .

So Hp′ commutes trivially with Ha, while Hvert commutes with Ha if and

only if every term of the form a†jakPj′,k′ commutes with every term in Ha,

which is also trivial because the Pj′,k′s commute each other. So:

[Ha, Hp] = 0,

and this completes the proof since the gap in Ha is greater than zero (being

such, it is su�cient to multiply Ha for a large enough factor to achieve a gap

larger than the gap of Hp).
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The advantage of this formalism is obtained by reordering the Fermions

as 1, 1′, 2, 2′, . . . when doing the JWT on the whole system. Let us see what

happens in such case.

Interaction terms of the physical subsytem

In this case the JWT will map a†jaja
†
kak in (omitting minus signs and assum-

ing j ≥ k): 2(j−1)︷ ︸︸ ︷
Z ⊗ . . .⊗ Z ⊗σ† ⊗

2(n−j)+1︷ ︸︸ ︷
I ⊗ . . .⊗ I

 2(j−1)︷ ︸︸ ︷
Z ⊗ . . .⊗ Z ⊗σ ⊗

2(n−j)+1︷ ︸︸ ︷
I ⊗ . . .⊗ I


 2(k−1)︷ ︸︸ ︷
Z ⊗ . . .⊗ Z ⊗σ† ⊗

2(n−k)+1︷ ︸︸ ︷
I ⊗ . . .⊗ I

 2(k−1)︷ ︸︸ ︷
Z ⊗ . . .⊗ Z ⊗σ ⊗

2(n−k)+1︷ ︸︸ ︷
I ⊗ . . .⊗ I

 =

=

2(j−1)︷ ︸︸ ︷
I ⊗ . . .⊗ I ⊗ σ†σ︸︷︷︸

site j

⊗
2(j−k)︷ ︸︸ ︷

I ⊗ . . .⊗ I ⊗ σ†σ︸︷︷︸
site k

⊗
2(n−k)+1︷ ︸︸ ︷

I ⊗ . . .⊗ I,

which is still expressible as a local quadratic term in Pauli operators, as we

should expect (because j and k index two adjacent sites).

Horizontal hopping terms of the physical subsystem

In this case the JWT will map a†jak in (omitting minus signs and assuming

k = j + 1): 2(j−1)︷ ︸︸ ︷
Z ⊗ . . .⊗ Z ⊗σ† ⊗

2(n−j)+1︷ ︸︸ ︷
I ⊗ . . .⊗ I

 2j︷ ︸︸ ︷
Z ⊗ . . .⊗ Z ⊗σ ⊗

2(n−j)−1︷ ︸︸ ︷
I ⊗ . . .⊗ I

 =

=

2(j−1)︷ ︸︸ ︷
I ⊗ . . .⊗ I ⊗σ† ⊗ Z ⊗ σ ⊗

2(n−j)+1︷ ︸︸ ︷
I ⊗ . . .⊗ I,

which is, despite the `cubic' appearance, still expressible as a tensor product

(done in respect to the physical and auxiliary system separately) of quadratic

local Pauli operators, namely: j−1︷ ︸︸ ︷
I ⊗ . . .⊗ I ⊗ σ† ⊗ σ︸ ︷︷ ︸

sites j and j+1

⊗
n−j−1︷ ︸︸ ︷

I ⊗ . . .⊗ I

⊗
80



⊗ j−1︷ ︸︸ ︷
I ⊗ . . .⊗ I ⊗ Z︸︷︷︸

site j′

⊗
n−j︷ ︸︸ ︷

I ⊗ . . .⊗ I

 .

Note that this also holds for half of the vertical hopping terms at the edges

of the grid ((4, 5), (8, 9) and (12, 13)).

Vertical hopping terms of the physical subsystem

In this case the JWT will map a†jakPj′,k′ (assuming k > j in: 2(j−1)︷ ︸︸ ︷
Z ⊗ . . .⊗ Z ⊗ σ†︸︷︷︸

site j

⊗
2(n−j)+1︷ ︸︸ ︷

I ⊗ . . .⊗ I

 2(k−1)︷ ︸︸ ︷
Z ⊗ . . .⊗ Z ⊗ σ︸︷︷︸

site k

⊗
2(n−k)+1︷ ︸︸ ︷

I ⊗ . . .⊗ I


 2j−1︷ ︸︸ ︷
Z ⊗ . . .⊗ Z ⊗σ† + σ︸ ︷︷ ︸

site j′

⊗
2(n−j)︷ ︸︸ ︷

I ⊗ . . .⊗ I


 2k−1︷ ︸︸ ︷
Z ⊗ . . .⊗ Z ⊗σ† − σ︸ ︷︷ ︸

site k′

⊗
2(n−k)︷ ︸︸ ︷

I ⊗ . . .⊗ I

 =

=

 2(j−1)︷ ︸︸ ︷
I ⊗ . . .⊗ I ⊗σ†Z ⊗ σ† + σ︸ ︷︷ ︸

sites j and j′

⊗
2(k−j−1)︷ ︸︸ ︷

I ⊗ . . .⊗ I ⊗σZ ⊗ σ† − σ︸ ︷︷ ︸
sites k and k′

⊗
2(n−k)︷ ︸︸ ︷

I ⊗ . . .⊗ I


=

 j−1︷ ︸︸ ︷
I ⊗ . . .⊗ I ⊗ σ†Z︸︷︷︸

site j

⊗
k−j−1︷ ︸︸ ︷

I ⊗ . . .⊗ I ⊗ σZ︸︷︷︸
site k

⊗
n−k︷ ︸︸ ︷

I ⊗ . . .⊗ I

⊗
⊗ j−1︷ ︸︸ ︷

I ⊗ . . .⊗ I ⊗σ† + σ︸ ︷︷ ︸
site j′

⊗
k−j−1︷ ︸︸ ︷

I ⊗ . . .⊗ I ⊗σ† − σ︸ ︷︷ ︸
site k′

⊗
n−k︷ ︸︸ ︷

I ⊗ . . .⊗ I

 ,

so these terms are expressible as tensor products of local quadratic Pauli

operators too (in their respective subspaces).

Terms of the auxiliary system

In this case the JWT will map terms Pj′,k′ in:( n︷ ︸︸ ︷
I ⊗ . . .⊗ I

)⊗
81



⊗ 2j−1︷ ︸︸ ︷
Z ⊗ . . .⊗ Z ⊗σ† + σ︸ ︷︷ ︸

site j′

⊗
2(n−j)︷ ︸︸ ︷

I ⊗ . . .⊗ I


 2k−1︷ ︸︸ ︷
Z ⊗ . . .⊗ Z ⊗σ† − σ︸ ︷︷ ︸

site k′

⊗
2(n−k)︷ ︸︸ ︷

I ⊗ . . .⊗ I

 =

=

(
n⊗
1

I

)⊗ j−1︷ ︸︸ ︷
I ⊗ . . .⊗ I ⊗σ† + σ︸ ︷︷ ︸

site j′

⊗
k−j−1︷ ︸︸ ︷

Z ⊗ . . .⊗ Z ⊗σ† − σ︸ ︷︷ ︸
site k′

⊗
n−k︷ ︸︸ ︷

I ⊗ . . .⊗ I

 ,

hence in this case there is an issue: a string operator appears, which makes

the resulting Pauli operator non-local.

To address this problem, we have to modify Ha by applying the following

substitution to its terms:

Pj′,k′ 7−→


Pj′,k′ , if j = mn, for m ∈ N;
Pj′,k′P(j+1)′,(k−1)′ , if (j mod n) ≤ bn

2
c;

Pj′,k′P(j−1)′,(k+1)′ , if (j mod n) > bn
2
c.

Due to the fact that all the Pj′,k′ commute, this substitution does not

a�ect the ground state and the gap of Ha, but the JWT will map these new

terms (e.g., if j < bn
2
c) into: ( n︷ ︸︸ ︷

I ⊗ . . .⊗ I

)⊗
⊗ j−1︷ ︸︸ ︷

I ⊗ . . .⊗ I ⊗σ† + σ︸ ︷︷ ︸
site j′

⊗
k−j−1︷ ︸︸ ︷

Z ⊗ . . .⊗ Z ⊗σ† − σ︸ ︷︷ ︸
site k′

⊗
n−k︷ ︸︸ ︷

I ⊗ . . .⊗ I


 j︷ ︸︸ ︷
I ⊗ . . .⊗ I ⊗ σ† + σ︸ ︷︷ ︸

site (j+1)′

⊗
k−j−3︷ ︸︸ ︷

Z ⊗ . . .⊗ Z ⊗ σ† − σ︸ ︷︷ ︸
site (k−1)′

⊗
n−k+1︷ ︸︸ ︷

I ⊗ . . .⊗ I

 =

=

(
n⊗
1

I

)⊗ j−1︷ ︸︸ ︷
I ⊗ . . .⊗ I ⊗σ† + σ︸ ︷︷ ︸

site j′

⊗

site (j+1)′︷ ︸︸ ︷
Z
(
σ† + σ

)
⊗
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⊗ I ⊗ . . .⊗ I︸ ︷︷ ︸
k−j−3

⊗

site (k−1)′︷ ︸︸ ︷
Z
(
σ† − σ

)
⊗σ† − σ︸ ︷︷ ︸

site k′

⊗
n−k︷ ︸︸ ︷

I ⊗ . . .⊗ I

 ,

so we obtain only 4-local plaquette terms in the auxiliary system, hence almost

preserving locality.

83



84



Chapter 6

Matchgates as universal sets for

quantum circuits

The physical realization of a quantum circuit is in general very di�cult. Un-

like classical digital circuits, quantum gates form a continuum in the space

of possible operators, so it is impossible to generate any possible quantum

circuit by assembling building blocks chosen among a �nite set of primitives.

To face this issue, it is very important to study the possibility of representing

an arbitrary circuit with simpler gates.

In Section 1 we will show that any quantum circuit can be simulated us-

ing more elementary gates. In particular, we are interested in representing

an arbitrary quantum circuit using only 1-qubit and CZ gates.

In Section 2 we will introduce matchgates: a particular class of 2-qubit

gates which can e�ciently simulate both 1-qubit and CZ gates.

6.1 Reduction of a quantum circuit to elemen-

tary gates

In this section we introduce the concept of universal set:

De�nition 6.1.1 (Strict universality). A set S of quantum gates is said to

be strictly universal if there exists a constant n0 such that, for any n ≥ n0,
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the subgroup generated by S is dense in SU(2n).

We will show that 1-qubit and CZ gates are a strictly universal set for

quantum computation. The approach we use is the same as in [6], and all

the proofs can be found there.

6.1.1 Decomposition into two-levels unitary gates

Let U be a generic d× d unitary matrix.

De�nition 6.1.2 (Two-level unitary gates). We say that U is two-level uni-

tary if it acts non-trivially only on a 2-dimensional space spanned by two

basis elements.

In other words, a two-level unitary matrix only acts on two vector com-

ponents. It can be written as Id−2 ⊗ V , where V is a unitary 2 × 2 matrix

and the tensor product is to be intended related to the subspace where U

acts upon. For example, if d = 6 and U acts only on the subspace spanned

by basis elements 3 and 6, we have:

U =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 a 0 0 b
0 0 0 1 0 0
0 0 0 0 1 0
0 0 c 0 0 d

 ,

where V =

(
a b
c d

)
.

The following holds:

Proposition 6.1.3. Any d × d unitary matrix can be written as a product

of at most O(4d) d× d two-level unitary matrices.

It is clear that this decomposition is very ine�cient. It is possible to �nd

unitary gates admitting a more e�cient decomposition, but in general this

bound is optimal: there exist unitary gates which cannot be simulated using

less than O(4d) two-level matrices (see [6]).
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6.1.2 Decomposition by multi-controlled gates

It is clear that a 2-level unitary matrix, acting only on a 2-dimensional sub-

space, is equivalent to a single-qubit operator up to a reordering of the sub-

spaces involved:

Proposition 6.1.4. Any two-level unitary matrix U over n qubit can be

rewritten as a product of a multi-controlled 1-qubit gate V (which we will

denote as CkV ), O(n) multi-controlled CkNOT s and O(n) 1-qubit X gates.

The trick is to perform a rearrangement of the basis elements using

CkNOT s with control lines activated either by |0〉 or |1〉 states following

a pattern built upon a Grey code, in such a way that the two basis elements

spanning the subspace the matrix acts upon are in consecutive positions.

Then the CkV gate is applied and �nally the subspaces are reordered by

CkNOT s. The X gates are used to build reverse controlled gates, that is,

controlled gates that are activated when the (quantum) control bits are set

to 0 instead of 1.

Proposition 6.1.5. Any multi-controlled 1-qubit gate CdU with one target

qubit and d control qubits can be written as a product of O(d) SWAP s, To�oli

CCNOT gates and a single CU gate, with a circuit width overhead of O(d)

ancilla qubits.

The above Proposition does include CkNOT gates too, so up to now we

can simulate any quantum circuit using only:

• X gates,

• single-controlled 1-qubit CU gates,

• To�oli CCNOT gates,

• SWAP gates.

6.1.3 Decomposition with more elementary gates

We can further reduce the complexity of the set we have found:
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Proposition 6.1.6. A single To�oli gate can be constructed using only a

�nite number of SWAP , CNOT and 1-qubit gates.

Proposition 6.1.7. A single-controlled 1-qubit CU gate can be constructed

using four 1-qubit unitary gates and two CNOT gates.

We can now simulate any quantum circuit using only:

• 1-qubit gates,

• CNOT gates,

• SWAP gates.

6.1.4 Final decomposition

Finally we can further reduce our simulating set thanks to the following

observations:

Proposition 6.1.8. Is it possible to build a SWAP gate by using three n.n.

CNOT gates, and a CNOT gate by using one n.n. CZ gate and two 1-qubit

Hadamard gates.

We can �nally enunciate:

Proposition 6.1.9. Every quantum circuit can be implemented using only

n.n. CZ and 1-qubit gates, so that 1-qubit gates and n.n. CZ form a strictly

universal set for quantum computing.

6.1.5 Discrete universal sets

It is worthy to mention that in many real-world situation we cannot a�ord to

implement a quantum circuit by using an in�nite set of gates such as the one

just found. The problem is that unitary gates over n qubits form a continuous

space of operators, so it is impossible to perfectly simulate arbitrary gates

with a �nite number of elementary gates. In these cases we require a less

strict de�nition of universality:
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De�nition 6.1.10 (Computational universality). A set S of quantum gates

is said to be computationally universal if it can be used to simulate any

quantum circuit of width n and depth d up to accuracy ε with an overhead of

at most log(poly(n, d, 1
ε
))).

Here accuracy ε stands for the distance (in matrix norm) between the

target unitary circuit and the simulated circuit, which corresponds to an er-

ror on the measurements performed over the simulated system. If this error

is small, the original and the simulated systems are virtually undistinguish-

able. The Solovay-Kitaev Theorem (see, e.g., [9]) gives a very fast rate of

convergence in norm for computationally universal sets. One of such sets is

the following (see [1]):

Theorem 6.1.11. The set composed by the Hadamard and To�oli gates is

computationally universal.

6.2 Matchgates

In this section we will introduce matchgates, a particular class of 2-qubit

operators. We will show that matchgates are a universal set for quantum

computation.

De�nition 6.2.1 (Matchgate). Let A,B be two unitary 2 × 2 matrices,

namely:

A =

(
a b
c d

)
, B =

(
e f
g h

)
,

with A,B ∈ SU(2) or det(A) = det(B) = −1. We de�ne matchgate gener-

ated by A and B the 4× 4 unitary matrix (2-qubit operator):

G(A,B)
.
=


a 0 0 b
0 e f 0
0 g h 0
c 0 0 d

 .

In other words, G(A,B) is a unitary operator which applies A to the 2-

dimensional even qubit parity subspace 〈|00〉 , |11〉〉, andB to the 2-dimensional
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odd qubit parity subspace 〈|01〉 , |10〉〉. If det(A) 6= det(B), we denote by

G̃(A,B) the same matrix as G(A,B) and we will call it quasi-matchgate.

If we have a circuit with n > 2 qubit lines, we say that a matchgate M is

a nearest-neighbour (n.n.) matchgate if it acts on qubit lines j and j +1, for

j ∈ { 1, . . . , n− 1 }. We say that a matchgate M is a next-nearest-neighbour

(n.n.n.) matchgate if it acts on qubit lines j and j+2, for j ∈ { 1, . . . , n− 2 }.
Notice that we can write a SWAP gate between two qubits as:

SWAP =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 = G̃(I,X).

In fact, det(X) = −1 6= 1 = det(I), so that a SWAP is not a matchgate,

but just a quasi-matchgate.

6.2.1 Matchgates as a universal set

The following result has been proven in [17]:

Theorem 6.2.2 (Universality for n.n. and n.n.n. matchgates). Any quan-

tum circuit C of depth d can be rewritten as a circuit of depth poly(d) con-

taining only n.n. and n.n.n. matchgates.

Proof. We start by introducing the following 4-qubit encoding for the original

circuit:

|0〉 7→ |0000〉 , |1〉 7→ |1001〉 ,

so that a generic 1-qubit state |ψ〉 will be encoded as the product state

|ψ00ψ〉. By doing so we have only a polynomial overhead in the width of the

circuit; the aim is to keep the whole computation within the tensor product

space spanned by the elements |0000〉 and |1001〉.

We have seen in the previous section that 1-qubit gates and n.n. CZ

gates are universal for quantum computation, so we will assume that C is

made only of these gates. The proof will proceed in three steps:
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1. We show that it is possible to simulate an arbitrary 1-qubit gate on this

encoding by using a polynomial number of n.n. matchgates. Namely,

we can perform the action of a 1-qubit gate A in the following way:

A 7→ G(Z,X)12 ·G(Z,X)34 ·G(A,A)23 ·G(Z,X)12 ·G(Z,X)12,

where subscripts denote line numbers the gate acts upon, e.g., G(A,A)23

is the matchgate G(A,A) acting on qubit lines 2 and 3. The following

picture explains the circuit:

→
G(Z,X)

G(Z,X)

G(Z,X)

G(Z,X)

G(A,A)❘�❭A❘�❭

1

2

3

4

line number

{
To see how this works just observe that, because of our state encoding,

the gate:

G(Z,X) =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 −1


behaves like a SWAP between line pairs (1, 2) and (3, 4).

2. We show that it is possible to simulate a CZ over two adjacent qubits

(encoded as qubit quadruples (1, 2, 3, 4) and (5, 6, 7, 8)) by using a poly-

nomial number of n.n. matchgates and SWAP gates. To do this, we

just apply a CZ on the bordering 4 and 5 lines using three n.n. match-

gates and a SWAP , in the following way:

→
❘�❭

G(H,H) G(H,H)G(X,X)

SWAP

1

2

3

4

5

6

7

8

❘�❭

❘�❭

❘�❭ Z

{

{
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3. We show that it is possible to eliminate the SWAP gates from the

obtained representation, by replacing some of the n.n. matchgates with

n.n.n. matchgates. Namely, we can eliminate SWAP s by commuting

them at the end of the circuit and simply re-numbering output lines;

by doing so, the G(X,X) and G(H,H) gates are altered, but for any

matchgate G(A,B) we have:

G(A,B) · SWAP = SWAP · SWAP ·G(A,B) · SWAP

= SWAP ·G(A,XBX),

that is, SWAP s can be moved towards the end of the circuit, and

intermediate matchgates are changed but still remain matchgates.

Finally, notice that since SWAP s are used only between bordering lines

(4, 5), (8, 9), etc., of the quadruples (1, 2, 3, 4), (5, 6, 7, 8),etc., no line can be

moved more than one position distant from its original location. This means

that, after commuting all the SWAP s at the end of the circuit, we are left

with only n.n. and n.n.n. matchgates:

→
1

2

3
G(A,B)

n.n. 1

3

2
n.n.n.G(A,XBX)

Because of the 4-qubit encoding we use, it will be then possible to perform

a measurement on the output lines with the same behaviour of the original

circuit C (possibly after a re-numbering of the lines where the actions of the

SWAP s do not cancel each other). This completes the proof.

This means that using just n.n. and n.n.n. matchgates, we can e�ciently

(that is, with only a polynomial depth and width overhead) represent any

quantum circuit. In the following chapter we will see that there is a big dif-

ference between n.n. and n.n.n. matchgates in terms of classical simulation.
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Chapter 7

E�cient classical simulation of

n.n. matchgates quantum circuits

In this chapter we present some recent results on e�cient classical simulation

of quantum circuits composed by n.n. matchgates. We follow the approach

presented in [17], which extends previous works on similar topics (see i.e. [12]

and [25]).

The result obtained is that n.n. matchgates can be classically (strongly)

e�ciently simulated, while n.n.n. matchgates cannot. Hence, given the re-

sults on matchgate universality in the previous chapter, we are left with a

stunning conclusion: the gap between classical and quantum computation

(if any) is bridged only by a seemingly `innocuous' topological property of

the graph associated to the circuit, i.e., the use of swaps. Hence, the alleged

superior power of quantum computing is tied to a conceptually very weak re-

source. Indeed it has been shown [16] that the class of functions computable

by a poly-depth circuit of n.n. matchgate coincides with the class of functions

computable in poly-time by quantum circuit using only logarithmic memory

space, which is a subset of P.

The frame of the proof is the following: �rst a Cli�ord algebra formalism

is introduced for a certain class of operators. Then it is shown that Gaus-

sian operations built on quadratic Hamiltonians in this new algebra can be

e�ciently classically simulated (for a restricted class of input states and ob-
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servables), but it is also shown that n.n. matchgates are a particular type of

such gates. Finally, Cli�ord operations are used to extend the simulation to

arbitrary classes of input states and observables.

7.1 Observables in a Cli�ord algebra and quadratic

Hamiltonians

The key ingredient for the e�cient classical simulation of matchgates is a

particular algebrical structure generalizing the concept of polynomial ring;

we aim to express matchgates as elements of this structure in such a way that

some computations become simpler. This structure is a Cli�ord algebra:

De�nition 7.1.1 (Cli�ord algebra). LetH be a 2n-dimensional Hilbert space.

The generator set of a Cli�ord algebra is a �nite set of n Hermitian oper-

ators G = { g1, . . . , gn | gk = g†k : H → H, for every k = 1, . . . , n } such that

its elements satisfy the anticommutation relations:

{gj, gk} = 2δj,kI, for every j, k = 1, . . . , n. (7.1)

A (complex) Cli�ord algebra Cn on G is the (formal) polynomial ring

C [g1, . . . , gn].

Notice that, since every generator squares to the identity, the elements

of Cn are polynomial operators of (maximum (formal) degree n. Therefore

every element x ∈ Cn can be written as a linear combination of non-ordered

monomials of generators:

x =
∑

{ j1,...,jk }⊂{ 1,...,n }

αj1,...,jkgj1 . . . gjk ,

with αj1,...,jk ∈ C for every { j1, . . . , jk } (where the subsets {j1, . . . , jk} can

also be empty), and so Cn, as a vector space, has dimension 2n.

For an n-qubit system we want to �nd 2n such generators, { c1, . . . , c2n },
for the Cli�ord algebra C2n, because in this case the vector space will have

dimension 22n = 2n × 2n, and thus the (Hermitian) matrix representation of
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the cjs will involve matrices of size 2n × 2n.

Operators satisfying equation 7.1 can be found in the formalism of Fermionic

physics: they are the Majorana spinors c1, . . . , c2n. With this formalism we

can de�ne a quadratic Fermionic Hamiltonian as an element in C2n of the

form:

H = i

2n∑
j,k=1

hj,kcjck.

Moreover we can assume that [hj,k]j,k is a 2n× 2n real antisymmetric matrix

(because cjck = −ckcj and H = H†).

7.2 Gaussian operations and e�cient simula-

tion

The quantum operations we will consider in the following section will be of

a particular form:

De�nition 7.2.1 (Gaussian operation). Let H be a quadratic Hamiltonian

in C2n. A Gaussian operation is the operator:

U = eiH .

These operators are obviously unitary, hence they represent the action of

some kind of quantum gates on a 2n-qubit circuit. These gates are interesting

because they can be (strongly) e�ciently simulated by classical means, as the

following shows:

Lemma 7.2.2. Let H be a quadratic Hamiltonian in C2n de�ned by a real

antisymmetric coe�cient matrix h, and U = eiH the corresponding Gaussian

operation. Then:

U †cjU =
2n∑
k=1

Rj,kck,

for every j = 1, . . . , 2n, where R
.
= e4h.
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Proof. Write cj as cj(0), U(t)
.
= eiHt and cj(t)

.
= U(t)cj(0)U(t)

†. Then:

dcj(t)

dt
=

d

dt

(
eiHtcj(0)e

−iHt
)

=

(
d

dt
eiHt

)
cj(0)e

−iHt + eiHtcj(0)
d

dt
e−iHt

= iHeiHtcj(0)e
−iHt − eiHtcj(0)iHe

−iHt

= i (Hcj(t)− cj(t)H)

= i [H, cj(t)]

= i

[
i

2n∑
k1,k2=1

hk1k2ck1ck2 , cj(t)

]

= −
2n∑

k1,k2=1

hk1,k2 [ck1ck2 , cj(t)]

= −
2n∑

k1,k2=1

hk1,k2U(t) [ck1ck2 , cj]U(t)
†.

Now we can distinguish between two cases, recalling eq. 7.1:

1. if j 6= k1 and j 6= k2 then: [ck1ck2 , cj] = ck1ck2cj − cjck1ck2 = 0;

2. if j = k1 or j = k2 then (assuming j = k1): [ck1ck2 , ck1 ] = ck1ck2ck1 −
ck1ck1ck2 = −ck1ck1ck2 − ck1ck1ck2 = −2ck2 .

In this way we have:

dcj(t)

dt
=

2n∑
k1=1

2hk1,jU(t)ck1U(t)
† +

2n∑
k2=1

2hj,k2U(t)ck2U(t)
† =

2n∑
k=1

4hj,kck(t)

(because h is antisymmetric). This holds for every j = 1, . . . , 2n, so we can

write it in compact vectorial form:

d

dt

 c1(t)
...

c2n(t)

 = 4h

 c1(t)
...

c2n(t)

 ,
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which is a linear system of �rst order ODEs, whose solution is trivially

computable by direct exponentiation: c1(t)
...

c2n(t)

 = e4ht

 c1(0)
...

c2n(0)

 ,

and namely, for every j:

cj(t) =
2n∑
k=1

Rj,k(t)ck(0),

where R(t) = e4ht. The lemma follows by just setting t = 1.

The meaning of this lemma is the following: a Gaussian operation involves

an exponentiation of a quadratic Hamiltonian H, which is a sum generally

involving all the products of all generators, so the operator U †cjU could po-

tentially �nish up everywhere in the exponentially large (22n-dimensional)

Cli�ord algebra C2n. However, this is not the case: it always happens to stay
within the polynomially small (2n-dimensional) subspace spanned by just

the generators themselves.

This observation leads to a �rst step in the strong simulation of those

gates:

Theorem 7.2.3 (E�cient simulation of Gaussian gates). If the expected

value of cj on a certain input state |ψin〉 is poly-time computable, then the

action of a Gaussian gate U on |ψin〉 (relative to cj) is strongly classically

simulatable up to precision O(exp(m)) (i.e., up to m digits of precision), in

O(poly(n,m)) time, for every j = 1, . . . , 2n.

Proof. The Gaussian gate U acts on the input state |ψin〉 producing |ψout〉 =
U |ψin〉, and then a measurement of cj is performed on this output state. We

can compute the expected value of this measurement using Lemma 7.2.2:

〈cj〉out = 〈ψout| cj |ψout〉 = 〈ψin|U †cjU |ψin〉 =
2n∑
k=1

Rj,k 〈ψin| ck |ψin〉 .
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This sum only involves 2n terms. The matrix R = e4h is computable up

to poly(m) digits of precision (that is, up to exp(m) accuracy), where m is

the order of the partial sum used to approximate the exponentiation in the

Cli�ord algebra series expansion, being hence computable in poly(n,m) steps.

The expected value on the input state 〈cj〉in is also poly-time computable by

hypothesis. Thus, 〈cj〉out is poly-time computable.

This method only works for observables in the Cli�ord algebra, and only

for input states whose expected value on those operators can be known in

polynomial time. We must thus �nd a way to extend this result to a broader

range of instances.

Consider now input product states, that is, of the form: |ψ〉in = |ψ1〉 ⊗
|ψ2〉⊗. . .⊗|ψn〉, and suppose that the cjs can be written as product operators:
cj = P1,j⊗P2,j, . . . , Pn,j (where the Pk,js are one-qubit Hermitian operators).

Then we would have:

〈cj〉in = 〈ψin| cj |ψin〉 =
n∏

k=1

〈ψk|Pk,j |ψk〉 ,

which is also poly-time computable, involving a polynomial number of com-

putations of the expectation value of single-qubit observables. Hence, prod-

uct states are suitable for the classical simulation of Gaussian circuits with

respect to product operators in the Cli�ord algebra.

Finally, recall that C2n, as a vector space, has dimension 2n × 2n, so that

any n-qubit observable can be expressed as a linear combination of elements

in the Cli�ord algebra. This means that any observable ξ must be expressible

as a polynomial in the cjs. Let d be the degree of this polynomial, and

assume that ξ is a monomial, namely ξ =
∏d

j=1 cj. Let|γ1〉 , . . . , |γ2n〉 be our
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computational basis, and recall Lemma 7.2.2. Then:

〈ξ〉out = 〈ψin|U †c1 . . . cdU |ψin〉

= 〈ψin|
(
U †c1U

) (
U †c2U

)
. . .
(
U †cdU

)
|ψin〉

= 〈ψin|
d∏

j=1

U †cjU |ψin〉

= 〈ψin|
d∏

j=1

 2n∑
kj=1

Rj,kjckj

 |ψin〉

=
2n∑

k1 6=...6=kd=1

R1,k1 . . . Rd,kd 〈ψin| ck1 . . . ckd |ψin〉 ,

where the last sum involves O(nd) terms, each of them being poly time

computable (notice that, if every cj is a product operator, then also the

ck1 . . . ckd are product operators and thus their expected values on a product

state can be computed in polynomial time). The whole expression can then

be computed in O(poly(nd,m)) time, which translates to O(poly(n,m)) if d

is bounded to a constant. It is clear that this result can be generalized to ob-

servables ξ which are not monomials, provided that they are bounded-degree

polynomials in C2n.

So we have just shown that Gaussian operators can be (strongly) e�-

ciently simulated if we:

• are able to �nd a representation of the cjs as product operators;

• restrict to observables which can be written as bounded-degree poly-

nomials in C2n;

• restrict to product input states.

We will address the �rst and (part of) the second point in the following

section.
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7.3 The Jordan-Wigner representation

The Jordan-Wigner representation is strictly tied to the Jordan-Wigner Trans-

form and gives an explicit representation of the generators cjs in terms of

tensor products of Pauli matrices. Namely, for an n-qubit system, we will

de�ne the following:

c1 = X1I2 . . . In, c2 = Y1I2 . . . In,
c3 = Z1X2I3 . . . In, c4 = Z1Y2I3 . . . In,

...
...

c2k−1 = Z1 . . . Zk−1XkIk+1 . . . In, c2k = Z1 . . . Zk−1YkIk+1 . . . In,
...

...
c2n−1 = Z1 . . . Zn−1Xn, c2n = Z1 . . . Zn−1Yn.

Notice that this is a representation of the cjs as product operators, so the �rst

point of the previous section is satis�ed. Now let us see how the corresponding

Gaussian gates do look like when we use this representation. We must also

�nd a suitable class of observables to actually perform quantum computation

which must be expressible as constant-degree polynomials of these operators.

7.3.1 N.n. matchgates

The surprising result here is that n.n. matchgates are indeed a particular

class of Gaussian gates when the Jordan-Wigner representation is used:

Theorem 7.3.1 (N.n. matchgates representation in C2n). For every n.n.

matchgateM acting only on lines j and j+1, there exists a (unique) quadratic

Hamiltonian, HM , comprising only terms in C2n relative to n.n. qubit lines

j and j + 1 (namely, only c2j−1, c2j, c2j+1 and c2j+2), such that eiHM = M .

That is, n.n. matchgates are Gaussian operations in the Cli�ord algebra C2n.

Proof. Recall that M = G(A,B), where A and B are unitary 2× 2 matrices

with the same determinant. So there must exist two Hermitian 2×2matrices,

A′ and B′, such that A = eiA
′
and B = eiB

′
. Hence, to express a matchgate

M as a Gaussian operation, it is su�cient to be able to represent � in the

even and odd parity subspaces separately � every Hermitian matrix by means
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of linear combinations of (at most) quadratic terms in C2n, and then we could
generate M by direct exponentiation.

To do this, it is su�cient to represent all the elements of a basis for

SU(2) - i.e., Pauli matrices X, Y, Z - separately in the two parity subspaces

as quadratic polynomials. This is indeed possible, in the following way:

Xodd
j,j+1 =


0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

 =
1

2
(XjXj+1 + YjYj+1) =

1

2
(c2j−1c2j+1 + c2jc2j+2) ;

Xeven
j,j+1 =


0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

 =
1

2
(XjXj+1 − YjYj+1) =

1

2
(c2j−1c2j+1 − c2jc2j+2) ;

Y odd
j,j+1 = i


0 0 0 0
0 0 −1 0
0 1 0 0
0 0 0 0

 =
1

2
(YjXj+1 −XjYj+1) =

1

2
(c2jc2j+1 − c2j−1c2j+2) ;

Y even
j,j+1 = i


0 0 0 −1
0 0 0 0
0 0 0 0
1 0 0 0

 =
1

2
(YjXj+1 +XjYj+1) =

1

2
(c2jc2j+1 + c2j−1c2j+2) ;

Zodd
j,j+1 =


0 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 0

 =
1

2
(ZjIj+1 − IjZj+1) = − i

2
(c2j−1c2j − c2j+1c2j+2) ;

Zeven
j,j+1 =


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 −1

 =
1

2
(ZjIj+1 + IjZj+1) = − i

2
(c2j−1c2j + c2j+1c2j+2) .

Notice that it is not possible to express the identity matrix I separately

in the two parity subspaces in this way, but we can represent the matrix

I (in the overall space) as a square of any operator, so it is possible to
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introduce an arbitrary phase factor in M = eiH ; that is, we are not only

restricted to n.n. matchgates G(A,B) where A,B ∈ SU(2), but also to the

case det(A) = det(B) = φ, where φ is an arbitrary phase � i.e., any n.n.

matchgate.

So this proves that n.n. matchgates are classically e�ciently simulatable,

and hence every circuit that can be decomposed in n.n. matchgates is also

e�ciently simulatable.

7.3.2 Other Gaussian gates

N.n. matchgates are only a very particular class of Gaussian gates in this

algebra. We already know that every Gaussian gate is classically simulat-

able, so we might wonder if it could be possible to �nd some other interest-

ing classes of gates among them � not computationally equivalents to n.n.

matchgates. It can be proven that this is not possible (see [17]):

Theorem 7.3.2 (Decomposition of other Gaussian gates). Every Gaussian

gate in C2n can be written as a circuit of at most O(n3) n.n. matchgates.

So every Gaussian gate is computationally equivalent, and hence it adds

nothing important to our theory. Can we hope to �nd a Gaussian represen-

tation also for n.n.n. matchgates, being hence able to classically e�ciently

simulate universal quantum computation?

7.3.3 N.n.n. matchgates

As we should expect, the answer is no:

Theorem 7.3.3 (Non-Gaussianity of n.n.n. matchgates). N.n.n. matchgates

cannot be in general represented as Gaussian operators in C2n.

Proof. Let it M be a n.n.n. matchgate acting, e.g., on n.n.n. lines j and

j +2. Then, when we perform quadratic products of operators associated to
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those lines, we could get something like:

c2jc2j+4 = (Z1 . . . Zj−1YjIj+1 . . . In) (Z1 . . . Zj+1Yj+2Ij+3 . . . In)

= I ⊗ . . .⊗ I ⊗ iX ⊗ Z︸︷︷︸
line j+1

⊗Y ⊗ I ⊗ . . .⊗ I.

In this case a Z-string operator appears, acting on the middle line. So,

when we perform exponentiation of this quadratic term to yield a Gaussian

operator, we obtain a gate acting non-trivially on all the three lines j, j + 1

and j + 2, hence not a matchgate.

7.3.4 Bounded-degree observables for computation

Recall that we must still �nd observables suitable for quantum computation

that can be represented as constant-degree polynomials in C2n. This is indeed
possible for, among the others, a large class of single-line observables, e.g.:

Zk = −ic2k−1c2k.

This is enough for our model of quantum circuit, since a quantum algorithm

that ends with an observation of Z on a certain line can give `yes' or `no'

answers. Any other question could then be answered with O(log n) `yes'-or-

`no' questions (e.g.: `is the result greater than x? Is it lesser than y?' etc.).

So now the only issue we are left with is that input states (for this simula-

tion framework) must be product states � that is, no entanglement is allowed.

This would not be a very interesting result, since it is already known [6] that

entanglement-free quantum computation is no stronger than classical com-

putation.

7.4 Extending input states and observables with

Cli�ord operations

There is indeed a method to introduce entanglement in the input without

disrupting the simulation scheme.
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De�nition 7.4.1 (Pauli group). The Pauli group on n qubits, Pn, is de�ned

as the set:

Pn
.
= {λ

n⊗
k=1

Pk | λ ∈ {+1,−1,+i,−i } , Pk ∈ { I,X, Y, Z } for every k } ,

together with the product operation between 2n × 2n matrices.

It is trivial to see that this is a subgroup of GL(n).

De�nition 7.4.2 (Cli�ord operation). An n-qubit operation T is a Cli�ord

operation if T †AT ∈ Pn, for every A ∈ Pn.

Notice that conjugation by a Cli�ord operation preserves the Pauli group

structure. The following trivially holds:

Proposition 7.4.3. If { cj }j is a family of operators such that {cj, ck} =

2δj,kI, for every j, k, then for every Cli�ord operation V the family {V †cjV }j
also veri�es the anticommutation property.

With this in mind recall that Lemma 7.2.2 only relies on the anticommu-

tation relations of the generators of C2n, hence it also holds if we substitute

every cj with V
†cjV , where V is an arbitrary Cli�ord operation. Moreover,

the Cli�ord operation V can always be taken outside the quadratic Hamil-

tonian and the corresponding Gaussian operation U ′:

U ′ = e
∑

j,k hj,k(V †cjV )(V †ckV )

= e
V †

(∑
cj ,ck

hj,kcjck

)
V

= eV
†HV

=
∞∑

m=0

(
V †HV

)m
m!

= V †
∞∑

m=0

Hm

m!
V

= V †eHV

= V †UV.

This means that, if we have a circuit composed of these kind of gates, we

can just consider the Cli�ord operation at the beginning and at the end
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of the circuit (because middle terms cancel each other), without disrupting

the Pauli product structure of the observable, hence allowing us to maintain

e�cient classical simulability:

〈V †cjV 〉out = 〈ψin|
(
V †U †V

) (
V †cjV

) (
V †UV

)
|ψin〉 = 〈ψin|V † U †cjU V |ψin〉 ,

so we can just think the new circuit as the old one, but this time we have

an observable V †cjV and an input state V |ψin〉. This is enough to introduce

entanglement in the input state and to have a generic multi-line observable

(see [17]). More precisely, the following is known:

Theorem 7.4.4 (Representation of Cli�ord operations). Every Cli�ord op-

eration can be expressed as a circuit of CNOT , Hadamard and diag(1, i)

gates.

It is important to remark that with the use of Cli�ord operations only

we are able to construct valuable families of quantum states, which, a priori,

contain all the properties that make the states amenable to be useful in

quantum information processing. Namely, Cli�ord operations can give rise

to multipartite entanglement which is a necessary ingredient for quantum

speed-up. Notice that in the course of our treatment, we have chosen to not

make reference to entanglement, since we are mainly interested in the aspects

of classical simulation without considering this type of constraints.
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Chapter 8

Extending the simulation to

n.n.n. matchgates

In this chapter we propose new ideas about the possibility of extending the

class of e�ciently simulatable matchgates beyond the n.n. ones. As far as

we know, the results presented herein address some open question about the

simulability of certain n.n.n. matchgates and open new possible directions

for further investigation.

In Section 1 we investigate n.n.n. matchgate with the Cli�ord algebra

formalism presented in the previous chapter. We give a su�cient condition

for one of such matchgates to be e�ciently simulatable despite Theorem

7.3.3; i.e., given a certain n.n.n. matchgate in the above formalism, we have

a criterion for its e�cient simulatability. We also give a simple algorithm

to perform an exhaustive search for Gaussian operators that translates to

n.n.n. matchgates, and we give an explicit example of one of those match-

gates found through a C implementation of the algorithm.

In Section 2 we propose a di�erent approach for the simulation of match-

gates based on the JWT technique to map bidimensional local Hamiltonians

of Fermions into local Hamiltonian of spins (as seen in Chapter 5). Our re-

sult is obtained by representing operators in a sub-algebra of a larger Cli�ord

algebra: by adding an additional layer of qubits we will be able to remove

Z-string operators from half of the system. If our quadratic Hamiltonians
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have a particular form, then the resulting Gaussian gates can be expressed as

a product of two gates, one of the two acting only on a single, arbitrary pair

of circuit lines (not only n.n. and n.n.n. lines). This leads to the encoding

of a matchgate in the physical system, as seen in the previous chapter.

8.1 Simulatable n.n.n. matchgates

In this section we try to characterize those n.n.n. matchgates that are still

Gaussian in the Cli�ord algebra representation introduced in the previous

chapter. In fact, Theorem 7.3.3 does not say that every n.n.n. is not Gaus-

siane, but only that there exist non-Gaussian n.n.n. matchgates. So we can

hope to �nd a class of simulatable matchgates strictly larger than the n.n.

matchgates class.

First of all notice that since there is a 1-to-1 correspondence between a

unitary gate U = eiH and its generator H, then we can focus our attention

on the properties of the generator itself. It is always possible, given U , to

�nd H:

Proposition 8.1.1. Let U ∈ U(d) be a unitary operator. Then it is possible

to �nd in an e�cient way the unique H such that eiH = U .

The matrix iH is called matrix logarithm of U and can be found as a

power series with arbitrary accuracy. It is not generally possible to �nd a

matrix logarithm for an arbitrary complex matrix (being the matrix loga-

rithm a multi-valued application, like the ordinary complex logarithm), but

for a unitary matrix it is possible.

So we will restrict our attention to the study of the generator Hamiltonian

of a Gaussian gate; we will also restrict to the simplest case n = 3 for the

study of n.n.n. matchgates, but the results can be easily generalized to

circuits of arbitrary width.
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8.1.1 A criterion for n.n.n. matchgates simulability

Recall that, since we restrict to n = 3, the generators of our C6 Cli�ord

algebra are:
for line 1: c1 = X1I2I3, c2 = Y1I2I3;
for line 2: c3 = Z1X2I3, c4 = Z1Y2I3;
for line 3: c5 = Z1Z2X3, c6 = Z1Z2Y3.

The number of independent quadratic products made from the above gen-

erators is 6(6− 1)/2+1 = 16 (because generators anticommute, yielding the

same quadratic term save for a minus sign, plus each generator squares to

the identity). We will denote these quadratic terms by q1, . . . , q16.

Given a n.n.n. matchgate U , it is e�ciently classically simulatable if

it is Gaussian, i.e., its generator Hamiltonian H must be a complex linear

combination of q1, . . . , q16. To see if this holds, we introduce a matrix inner

product, i.e., an application ((., .)) : Cn×n ×Cn×n → C which satis�es all the

usual properties of an inner product, e.g.:

((A,B)) =
n∑

j,k=1

aj,kbj,k,

where A
.
= [aj,k]j,k and B

.
= [bj,k]j,k are n × n complex matrices. With this

product, Cn×n can be seen as a 2n
2
-dimensional complex Hilbert space, and

we can use the Graham-Schmidt orthonormalization process on q1, . . . , q16 to

obtain an orthonormal set of elements g1, . . . , g16.

At this point we decompose U in the subspace spanned by these orthonor-

mal elements:

U ′ .=
16∑
j=1

gj ((gj, U)) ,

and so we obtain the following:

Theorem 8.1.2 (Su�cient criterion for simulability). If U = U ′, then U is

classically e�ciently simulatable as a Gaussian gate generated by a quadratic

Hamiltonian over a Cli�ord algebra.

Finally, notice that this theorem holds for every Gaussian gate, not only

for matchgates.
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8.1.2 Building simulatable n.n.n. matchgates

In this section we discuss a general method to look for Hamiltonians that are

both Gaussian and representing a n.n.n. matchgate. We start by investigat-

ing the property of these Hamiltonians and we give an algorithm to perform

an exhaustive search of one of these Hamiltonians as a linear combination of

g1, . . . , g16 over a pre-�xed set of complex coe�cients. We implemented this

algorithm in C language, and the program was able to �nd an example of

simulatable n.n.n. matchgate.

Structure of the Hamiltonian

Let A,B ∈ U(2) with det(A) = det(B). Recall that a matchgate M =

G(A,B) is the two-qubit 4×4 unitary operator applying A to the even parity

subspace of the 4-dimensional Hilbert space representing the two qubit lines,

and B to the odd parity subspace. In our case we set n = 3 and we want a

n.n.n. matchgate (that is, acting on lines 1 and 3). We ask ourselves what

is the structure of the Hamiltonian H such that U = eiH .

Let us denote by HA and HB the Hamiltonians generating A and B

respectively, namely:

HA =

(
a b
c d

)
, HB =

(
e f
g h

)
.

The Hamiltonian generating A in the even parity subspace related to lines

1 and 3 without altering line 2 is the following:

Heven
A =

� |000〉 |001〉 |010〉 |011〉 |100〉 |101〉 |110〉 |111〉

|000〉
|001〉
|010〉
|011〉
|100〉
|101〉
|110〉
|111〉



a 0 0 0 0 b 0 0
0 0 0 0 0 0 0 0
0 0 a 0 0 0 0 b
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
c 0 0 0 0 d 0 0
0 0 0 0 0 0 0 0
0 0 c 0 0 0 0 d


.
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The Hamiltonian generating B in the odd parity subspace related to lines 1

and 3 without altering line 2 is the following:

Hodd
B =

� |000〉 |001〉 |010〉 |011〉 |100〉 |101〉 |110〉 |111〉

|000〉
|001〉
|010〉
|011〉
|100〉
|101〉
|110〉
|111〉



0 0 0 0 0 0 0 0
0 e 0 0 f 0 0 0
0 0 0 0 0 0 0 0
0 0 0 e 0 0 f 0
0 g 0 0 h 0 0 0
0 0 0 0 0 0 0 0
0 0 0 g 0 0 h 0
0 0 0 0 0 0 0 0


.

So the Hamiltonian H associated to the matchgate G(A,B) is:

H = Heven
A +Hodd

B =



a 0 0 0 0 b 0 0
0 e 0 0 f 0 0 0
0 0 a 0 0 0 0 b
0 0 0 e 0 0 f 0
0 g 0 0 h 0 0 0
c 0 0 0 0 d 0 0
0 0 0 g 0 0 h 0
0 0 c 0 0 0 0 d


. (8.1)

Notice that we do not require that A and B be in SU(2), but to yield a special

unitary gate we should require that tr(H) = 0, i.e., tr(HA) + tr(HB) = 0.

Algorithm for the exhaustive search of simulatable n.n.n. match-

gates

The following proof-of-concept algorithm tests for linear combinations of

quadratic elements in the Cli�ord algebra until it �nds a matchgate with

the structure of eq. 8.1:

1. input: a set { 0, λ1, . . . , λr } of complex coe�cients;

2. begin:

3. generate quadratic terms q1, . . . , q16;

4. set T = true;
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5. repeat until T = false:

6. setM as a linear combination of q1, . . . , q16 by elements of { 0, λ1, . . . , λr };

7. if M has the form of eq. 8.1 then return M and terminate;

8. if every combination has been tested, then set T = false;

9. return error (the set { 0, λ1, . . . , λr } is not suitable to generate a n.n.n.
simulatable matchgate).

Of course this algorithm is not optimal and many performance improvements

can be done. Particular care must be taken in the choice of the input coef-

�cients set, for a too large input set would rapidly slow down the execution

time of the algorithm.

An explicit example of simulatable n.n.n. matchgate

By setting { 0, 1,−1, i,−i } as an input coe�cient set, we were able to test

the algorithm, and our implementation found the following example:

H = ic6c5 =



1 0 0 0 0 0 0 0
0 −1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 −1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 −1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 −1


.

Notice that tr(H) = 0. Up to a renormalization, the action of the Gaussian

gate generated by this matrix is to apply a di�erent phase factor, depend-

ing on the value of qubit line number 3. This is a very elementary example

of n.n.n. e�ciently simulatable matchgate. Its interest lies in the observa-

tion that every Cli�ord operation can be expressed as a circuit of CNOT ,

Hadamard and diag(1, i) gates (see [17]).
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8.2 An alternative representation for match-

gates

In this section we will present a method to extend the e�cient simulation

to quantum circuits made of a particular kind of matchgates acting on any

arbitrary pair of lines. The main idea was suggested by the work in [7] be-

cause, basically, the fundamental problem arising when we try to represent

non-n.n. matchgates in the Cli�ord algebra C2n is the presence of string op-

erators appearing on the middle lines.

Our idea is to add an additional `layer' of qubits (the `auxiliary', or `sec-

ondary' subsystem) to the `physical' (or `primary') subsystem, in such a way

that the global system can be represented as a tensor product of the two, yet

allowing us to de�ne a particular class of Gaussian gates which acts as match-

gates on the primary subsystem; the primary subsystem will be just a copy

of the original circuit we wanted to simulate, while the auxiliary subsystem

will be used as a `dump' for the `non-simulatability' of the new matchgates.

Namely, we will show a di�erent representation of the Cli�ord algebra C2n
as a subalgebra of a larger Cli�ord algebra C4n on the global system, which

allows us to `unload' in the auxiliary subsystem the string operators arising

when considering products of elements related to distant lines, while keeping

observables in the physical subsytem to a constant degree. In this way we

will yield a class of multi-qubit Gaussian gates that can be decomposed as a

tensor product of two operators: a gate on the physical subsystem acting only

on two lines j and k and a gate acting generally on every line between j and k

in the auxiliary subsystem. This means that, under the assumption that the

quadratic Hamiltonian has a certain structure, we can isolate the behaviour

of the gate on the physical subsystem to build a matchgate. By keeping the

two subsystems separated during all the computation we will thus be able

to classically e�ciently simulate a circuit encoded in the physical half of the

system.
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8.2.1 System setup

Suppose we want to simulate a quantum circuit of width n. Then we have an

n-qubit quantum register, with qubits sites indexed as 1, 2, . . . , n. This will

be the primary system. Then we add an additional layer of qubits, indexed

as 1′, 2′, . . . , n′. We can choose any ordering of the sites (with respect to

Fermionic representation), e.g. 1, 1′, 2, 2′, . . . , n, n′. Our technique is inde-

pendent from the choice of the ordering, but we must keep it in mind once

chosen. To represent this fact we introduce the following notation:

De�nition 8.2.1. Let |ψ1 . . . ψn〉 be a product state of the primary sub-

system and |ψ1′ . . . ψn′〉 a product state of the secondary subsystem. Let

(m1, . . . ,m2n) be a permutation of the set { 1, . . . , n, 1′, . . . , n′ } representing

the Fermionic subspace ordering we choose. Then we denote as ⊗̃ the tensor

product such that:

|ψ1 . . . ψn〉 ⊗̃ |ψ1′ . . . ψn′〉 = |ψm1 , . . . , ψm2n〉 ;

in other words, ⊗̃ is the tensor product keeping in account the Fermion site

ordering we choose when representing the joint system. We de�ne ⊕̃ accord-

ingly.

So if, e.g., n = 2 and we choose for the global system the ordering

(1, 2′, 2, 1′) (being (1, 2) the ordering on the physical system and (1′, 2′) the

ordering on the auxiliary one), then we have:

|αβ〉 ⊗̃ |γδ〉 = |αδβγ〉 .

This will help readability when we want to indicate a separation between the

two systems.

8.2.2 De�ning the new operators

So we have now a 2n-qubit system, hence we could follow the approach seen

in the previous chapters to build a C4n Cli�ord algebra made of Majorana

spinors. We would obtain the same previous results, though.
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Instead, we are going to de�ne a 2n-dimensional Cli�ord subalgebra of

C4n, i.e, a Cli�ord algebra contained in C4n as a subset. We will indicate this

structure by C ′
2n, and corresponding generators f1, . . . , f2n.

It is easy to see that the following elements form a generator set for a

Cli�ord subalgebra of C4n:

f2k−1
.
= (I1 . . . Ik−1XkIk+1 . . . In) ⊗̃ (Z1 . . . Zk−1XkIk+1 . . . In) ,

f2k
.
= (I1 . . . Ik−1YkIk+1 . . . In) ⊗̃ (Z1 . . . Zk−1XkIk+1 . . . In) ,

for every k = 1, . . . , n. Now we can follow again step-by-step the matchgate

simulation approach as previously seen, and notice the di�erences.

8.2.3 Algebra structure and Pauli operators

The Cli�ord algebra structure of the fjs is preserved (because fjs anticom-

mute and square to identity), so Lemma 7.2.2 still holds.

Then, notice that every fk is still a product operator. We are interested,

as a �rst step, in representing the Z-Pauli observable on any qubit line as a

constant degree polynomial in this new algebra. However this time C ′
2n as

a vector space has only dimension 22n = 2n × 2n, so it cannot span all the

2n-qubit matrices. Hence most of the observables cannot be expressed as

polynomials in C ′
2n.

In our case, though, we do not need such a strong requirement: recall that

we are just interested in the simulation of the physical subsystem. Hence it

su�ces for us to represent only Zk on the physical subsystem as a constant-

degree polynomial. And this is indeed possible, namely: Zk = −if2kf2k−1,

which has bounded degree 2. Recall that for our model of quantum circuit

computation, a single Z measurement over a single output line is su�cient

to obtain yes-or-no answers � and so, to compute Boolean functions.

Thus, we can e�ciently classically calculate 〈Zk〉out for every line k in the

physical half of a circuit made only of Gaussian gates generated by quadratic

Hamiltonians in C ′
2n.
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8.2.4 The new Gaussian gates

Let H be a quadratic Hamiltonian in C ′
2n:

H = i
n∑

j,k=1

hj,kfjfk,

and a corresponding Gaussian operation:

U = eiH .

In general, Gaussian operators of this form acts non-trivially across the phys-

ical and the auxiliary subsystems. But if the Hamiltonian H has a particular

form, then we can separate the action of the Gaussian gate:

Theorem 8.2.2 (Separable gates in C ′
2N). Let H be a quadratic Hamiltonian

in C ′
2n comprising only terms related to qubit lines j and k (namely, only

f2j−1, f2j, f2k−1 and f2k). Moreover, let H be of the following form:

H =
∑
r∈M

(
T phys
r ⊕̃T aux

r

)
, (8.2)

where M = { 1, . . . ,m } ⊂ N and T phys
r , T aux

r are the physical and auxiliary

half, respectively, of some (formal) quadratic homogeneous polynomial in the

variables f2j−1, f2j, f2k−1 and f2k.

If U = eiH is H's associated Gaussian gate, then U = V ⊗̃W , where V

acts only on lines j and k in the physical subsystem, while W acts only on

the lines from j′ to k′ in the auxiliary subsystem.

Moreover, it is possible to �nd a Hamiltonian HM with the same structure

as in eq. 8.2 such that eiHM = M⊗̃W , where M is a matchgate acting on

lines j and k in the physical subsystem, while W is a gate acting only on the

lines from j′ to k′ in the auxiliary subsystem.

Proof. Recall that H is of the form:

H =
∑
r∈M

(
T phys
r ⊕̃T aux

r

)
,
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with:

T phys
r = I ⊗ . . .⊗ I ⊗

site j︷︸︸︷
Ar ⊗I ⊗ . . .⊗ I ⊗

site k︷︸︸︷
Br ⊗I ⊗ . . .⊗ I,

T aux
r = I ⊗ . . .⊗ I ⊗

sites from j′ to k′︷ ︸︸ ︷
Cr ⊗ Z ⊗ . . .⊗ Z ⊗Dr ⊗I ⊗ . . .⊗ I,

where Ar, Br, Cr, Dr are Pauli operators save for a constant. Hence:

U = ei
∑

r(T
phys
r ⊕̃Taux

r )

=
∏
r

ei(T
phys
r ⊕̃Taux

r )

=
∏
r

(
eiT

phys
r ⊗̃eiTaux

r

)
=

(∏
s∈M

eiT
phys
s

)
⊗̃

(∏
t∈M

eiT
aux
t

)
=

(
ei

∑
s T

phys
s

)
⊗̃
(
ei

∑
t T

aux
t
) .
= V ⊗̃W,

the operators at the exponent being Hermitians (since they are sum and

products of Pauli operators), thus U is expressible as tensor product of two

distinct unitary gates.

Finally, note that because of the particular structure of the T aux
r s and

T phys
r s, the resulting operator in the auxiliary subsystem W will act nontriv-

ially only on lines form j′ to k′, while the operator in the physical subsytem

V will act only on lines j and k. So it is possible to repeat the procedure

seen in Theorem 7.3.1 to build a matchgate M acting on lines j and k and

such that V =M .

With this theorem we gain the ability to express a certain kind of non-

n.n. matchgates in the physical half of the system (those for which the

corresponding Hamiltonian can be written in the form of eq. 8.2) as tensor

components of a Gaussian operator in the Cli�ord subalgebra C ′
2n, hence the

ability to e�ciently (strongly) classically simulate them.
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8.2.5 Allowable input states and observables

Notice, though, that the auxiliary part of the circuit will too, in general,

change the input state of the circuit. If we want to predict the behaviour of

the physical half of the system, we must choose a class of input states such

that the evolution in the auxiliary half does not a�ect the physical half, i.e.,

it does not introduce entanglement between the two subsystems. That is, we

must restrict to input states of the form |φ〉 ⊗̃ |ψ〉. In this way the expected

value of any observable on the physical half of the output state will not be

in�uenced by the auxiliary half.

Moreover, the method so far only works for product input states, and only

for the Z observable on any physical line. But this can be extended to arbi-

trary (physical) states and arbitrary (physical) generic multi-line observables

using Cli�ord operations as in the previous chapter.
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Chapter 9

Conclusions

In this work we have shown that there are reasons to further investigate the

matchgate formalism, and that it is possible to extend the set of e�ciently

simulatable matchgates beyond the nearest-neighbour family. We have found

the following results as improvements of previous works on the topic [17]:

• a su�cient criterion to test whether a next-nearest-neighbour match-

gate is e�ciently simulatable;

• an algorithm to perform an exhaustive search to build simulatable

matchgates;

• an explicit example of a simulatable next-nearest-neighbour matchgate

found through an implementation of this algorithm in C language;

• a new framework to e�ciently simulate matchgates acting on any arbi-

trary pair of lines provided their structure respects a particular form.

The computational gap between n.n. and n.n.n. matchgates is a stun-

ning result, but it is not generally considered something easy to generalize

to further investigation. In this work we have left many questions open.

Consider, as an example, Shor's algorithm. The key ingredient for this

cornerstone of quantum computing is a unitary operator called Quantum Fast

Fourier Transform (QFFT). This operator has amazing properties which ex-

emplify the power of quantum computing; it is indeed provable, as we should
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expect, that representing this operator through matchgates would always

involve n.n.n. matchgates. What if we could represent these matchgates as

Gaussian operators? A possible future direction of research could be to apply

the su�cient criterion from Chapter 8 to check these and other interesting

quantum gates and see if they are classically e�ciently simulatable.

Another open problem is to understand if the specially structured Hamil-

tonians in Section 8.2 do actually exist as possible Fermionic Hamiltonians

for a quantum system and what do the associated unitary gates look like. If

we �nd `interesting' unitary operators whose Hamiltonians are of that form,

then we could classically simulate them by just doubling the number of qubits

(that is, the memory requirement of the simulation). As far as we know, this

approach has never been tried.

Finally, using modi�ed versions of our algorithm, it could be interesting

to actively look for new simulatable n.n.n. matchgates, and to see if these

matchgates do perform interesting computations.
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